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The mixed finite volume method

= History

= (1994) Phd Thesis directed by J.M. Thomas
Oil recovery simulator : 3D, Black Oil, Fortran 77

= (1998) : Drying Process Simulator (C++)
With the Laboratoire géenie des procedes de Pau
ICIAM’99

® (1999) J.M. Thomas, D. T. : Mixed Finite Volume Method
Int. Journal of Num. Meth. in Eng.

= (2000-2001) : Fluvial Hydrodynamic (Diffpack)

The class FiniteVolume is implemented in Diffpack



= Thedliptic case

We consider the problem :

—div(Kgrad p)=f, on Q.
+ Boundary conditions

We introducethevectorial unknown: u=—Kgrad p

The problem becomes

u=—Kgrad p on Q
divu=fon Q



The mixed primal dual formulation of thisproblem is:

ueH(div,2),peH;(Q)suchthat

a(uv) fQ u.vdx+fQ Kgradp.vdx=0,V ve(L*(Q))’

fQ qdivu dx= fQ fq dx,v‘v’q\eL\z(Q)

/ b, (p,v)

b,(u,q)
Recall that the classical dual formulation isgiven by :

ueH(div,Q), peL*(Q)suchthat
fQ K‘lu.vdx—fQ pdivvdx=0,V veH (div, Q)
|, adivudx= [ fqdx,VqeL?(()



In order to use the abstract theory,
we introduce a general framework

The problem becomes
ueW,=H(div,Q2),peM =H(Q)

a(uv)+b, (qv)=I.(q), VveWw =(L*(Q))
b, (u,)=1,(q),VaeM,=L"(£2)

We have 3 inf-sup conditions to verify.



o INf sup b(uq)>B ully, llally,
ueWw qe

o. M P b (pv)> pl, vy,
pEM _VEV, 2

o inf sup a(uv)>alull, [Vl
uEV VEW

with
V. ={ueW,_,b,(u,q)=0,YqgeM | o
Nicolaides (1982)
V., ={veW, ,a(uv)=0,VueV |



® Discretization spaces

Unknown functions

M, =(p,eC’(Q);VKeT,_p/KeQ, (K)

W, ={u eH(div,2); VK €T, ,u eRT (K')]



Test functions

M, ={0,€L*(Q); VK eT,,q/K eP,(K")]

2

W, =Vect{e ., I €0T,]|

0T, =set of edgesof elementskK " of T,



® A priori error estimates

With this choice of spaces,

the discrete problem has a unique solution

and,
||u_uh||H(diV’Q)+||p_ ph||1’Q<Ch'

In the case f e H'(Q2), we can provethat

2
lu=ull; o +lIP=pyll, ,<ch



® A posteriori error estimates

|n the casewheref isconstant on each volume

we have;
-1/ /
|||U_Uh|||2+[[p_ ph]]2:||K ' Zuh_ Kl ZV ph”(z),() J
where
llu—uJIP=J (K *(u-u,))?dx
and

[p—p,J*= ], (K¥*V (p—p,))"dx



= The convection—diffusion case

Since div u =0, we consider the next term

div(cu)=Vc.u.
Here we introduce the vectorial function w define by:

w=—DVc+cu

D : effective diffusion/dispersion tensor



The mixed formulation becomes

:Q W.V dx+fQ (DVc—cu).vdx=0,Vve(L*(Q))

|, adivudx=0,vqeL*(2)

L et usnow detail the discretization of term :

fQ cu.vdx N




*

fr* c,u,.e.dx=meas(K UK )c__(u..e.)/T

amont

Where

r *
C, if(u, .e..)/I >0

amont % !

o otherwise
L 2




| mplementation in Diffpack

Diffpack isanumerical library consisting of C++ classes

Class FEM : General description of the FE method.

Class FiniteElement : Description of a FE.

Contentsthe element type.
Morethan 35 different finite element types are defined.

Remark : The description of a FE also contentsthe integration
rule on the e ement



Element-By-Element formulation

|, VpVadx=> | Vp.Vadx=2 > nz w 2P (a) q (a).

i
TeT, TeT, a j=1  O0X OX,

The assembly process and the numerical integration are
administered by a function makeSystem in class FEM.

The heart of the Diffpack program is coded like this :

nsd: number of space dimension
nbf : number of basis function on the element

for (1=1;1<=nbf;1++)
for (m=1; m<=nbf ; m++)
for (s=1; s<=nsd; s++)
elmat.A(l,m) += fe.dN(1,s)*fe.dN(m,s)
fe.dN(l,s) = ﬂ at the current integration point
O X
S



The samulator Class must be a subclass of FEM

FEM

4

Elmdef

FiniteElement

Couplexl —

FiniteVolume

Elmdef . contentsthe element type which isdefined dynamically

Element typesimplemented in the class FiniteVolume :

ATTEg 4



The paramaterslike:

nsd, the element type, the time parametersetc...

can be defined using a graphical interface:

Help |]
Idt-ﬂuul tin[0.001,2)

—SavesimBes —p——ey
—{_inEgAdm

atriz_prm

inEgSolver_prm 0. '

recond_prm I:nupbxﬂd.'.t ‘
onitorList_prm

LDefine Convivionitor #1

EimlitgRules

source.dat




Numerical Results

First mesh : 1500 e ements, 1616 nodes
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Thepressure

Pressure
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Darcy Veocities

Velocities Tor the Dogger Layer (scale=1.E+5)
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| odine concentration

Todine concentration at time 10110 vears
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Refined mesh : 13750 el ements, 14076 nodes

Todine concentration at time 10110 Years
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