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UG — A Framework for the Numerical Solution of PDES
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UG — Features

Representation of 2D/3D geometries

Unstructured meshes: triangles,
guadrilaterals, tetrahedra, pyramids,
prisms, hexahedra

Mesh generation: e. g. ART, Netgen

Conforming hierarchical local mesh
refinement

Degrees of freedom in nodes, edges,
faces and elements

Support of a variety of discretization
schemes

Object hierarchy for numerical
algorithms

Krylov solvers, (algebraic) multigrid
preconditioners, nonlinear solvers,
time-stepping schemes, ...

Postprocessing: built-in, OpenDX,
Covise, AVS, TecPlot

Portable, scalable and transparent
parallel implementation, e. g. on LINUX
clusters

Over 10 years of development
Code base managed with CVS

open source, freely available for
non-commercial use
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OO Design of numerical algorithms

Framework:

Anwendung:
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MUFTE — Overview

Models

One-phase flow

Two-phase flow: (pa, Sx), (P, ),

(Pw, Pn), interface conditions

Fractured porous media with
low-dimensional elements

Two-phase, two component,
non-isothermal

Three phase

Three-phase, three component,
non-isothermal

Models validated against analytical
solutions

Methods

e \ertex-centered finite volume scheme

Control volume finite element method
Modified method of characteristics

in progress: ELLAM

Discontinuous Galerkin (flow, transport)

Implicit time discretization: BDF(1,2),
fractional step O

Systems: fully coupled solution with
Newton-Multigrid
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Vertex-Centered Finite Volume Scheme

Dual mesh: Consider

%+m.?0|omﬁno

Integration over box Bj yields

%\Ogi\oc.:qml\AUDQ.:%HO
Bi 0B; 0B;

_ e Quadrature: mid-point rule

SN e Upwind/central evaluation of

| _ m%\& convection terms
Nm..,\ A
N

SCUj .
e Locally mass conservative over boxes

Ansatz functions are standard linear e Various implicit time-stepping schemes

conformin
J e Applicable to 1,2,3-phase flow and

solute transport
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Time Integration

One step B-scheme:

Cit™ —c™H +At"e(0- )i+ At"(1—6)(0 -1 = At"0F (") + At"(1-6) f(t"h

0 = 0: explicit Euler, 8 = 1/2: Crank-Nicolson, 8 = 1: implicit Euler
Fractional step scheme: Divide At in three substeps and use
01=v2-1 At; =(vV2-1)At

B, =2—+2 Atp=(1—+2/2)At
B3=2—-2 Atz=(1—+2/2)/t

Time step At can be three times larger, stiffness matrix stays the same for all substeps
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Characteristics

MMOC:

Consider nonconservative form:

w|m+c50|m.ﬁomﬂno

Introduce directional derivative:

dc
4~ 0-{pOc}=0

with the flow direction Sin space-time
Backward Euler for characteristic and FV:
n+1 *,N
C T -C
As

— \ADDQ.:QmHo
0B;

with Om* value at foot of characteristic

not conservative

difficult to implement BC

Based Methods

ELLAM (in progress):

Space-time Petrov-Galerkin finite element
method

Test functions are constant along
characteristics

locally conservative

monotone

Good accuracy for large Courant numbers
Implicit scheme, unconditionally stable
Yields symmetric positive definite matrices
Allows all kinds of boundary conditions

Needs “trackable” flow field
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Discontin uous Galerkin Method

Uses high degree polynomials:

ANONPAOO

discontinuous over element boundaries

weak continuity constraint (Oden,
Babuska, Baumann, JCP '98)

Optimal order convergence in H 1 and
in Lo for odd degree (Riviere, Wheeler,
Girault, '99)

Locally mass conservative

Primal formulation, standard multigrid can be
applied (Bastian, Reichenberger, '00)

Time-dependent problems: use DG in space
and time (— implicit scheme)

Transport dominated problems: higher order
upwind

Efficient use of memory hierarchy due to
dense blocks
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DG for Ground water Flow

Oden, Babuska, Baumann, JCP '98
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DG for Transpor t
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Ground water Flow in a Heterogeneous Medium: FV

Vertex centered finite volume method, permeability: 1 and 10~ °
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Ground water Flow in a Heterogeneous Medium

DG(3), permeability: 1 and 106
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Postprocessing: project to BDM or RT spaces for use in transport equation
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Multigrid Rates and Flux Comparison

DG: MG convergence, 10~8 Reduction, ILU(2,2,1) cycle, BICGSTAB

_ jIH FV r=2 r=23 r=4
1 40 6 14 14 16
2 80 7 14 12 15
3 160 7 13 12

4 320 8

) 640 9

Total flux (Durlofsky JCP '94: 0.5205)

h-1  Fv r=2 r=3 =4 =5 =6 MFE
20 0.6991 0.5094 0.5152 0.5174 0.5232 0.5152 0.4508
40 0.6466 0.5179 0.5181 0.5208 0.5206
80 0.6170 0.5194 0.5192 0.5201

160 0.5998 0.5199 0.5198

320 0.5890

640 0.5816
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Solute Transpor t (no diffusion)

FV, BE/FU, 3207 quad, DG(2)+MMOC, 1602 x 2, DG(2)+DG(2,2), 40% x 2,
300ZS: 40ZS: 30ZS:

numerical diffusion low transversal numerical low longitudonal numerical
diffusion diffusion
no limiter yet
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Rotating Pulse

Convection and Diffusion, circular flow field
Mostly convection-dominated
Analytical solution available

MMOC, h = 1/256, 32 time steps for half rotation
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Accurac y for Rotating Pulse Example

DG, Lo-Norm of error after half rotation, DOFs/element: 12, 18, 30, 40

p=2,9=1 p=2,q= p=3,9=2 p=3,0=3
h—1 T | ZS | Rate L>-Norm | Rate L>-Norm | Rate L>-Norm | Rate L>-Norm
8 256 | 10 3.07-1072 1.49-102 8.57-10°3 3.53-10°3
16 1K | 20| 128 1.26-1072| 285 207-10%| 331 866-10%| 450 1.56-10%
32 4K | 40| 208 297-107%| 361 169-10%| 451 379-10°| 430 7.94.10°°
64 16K | 80| 270 455.-104| 291 225.10°° 35 min 200 min
MMOC und FV, Lo>-Norm of error after half rotation
MMOC FV BE/FU FV CN/CEN
h—1 T ZS Rate L>-Norm ZS Rate L>-Norm Rate L>-Norm
8 256 10 7.24.102 8.87-10°2
16 1K 2 5.13-1072 20 0.07  6.90.1072 0.22  7.60.-1072
32 4K 4 0.77 3.01-102 40 0.12 6.35-102 0.47 5.47.-102
64 16K 8 0.90 1.61-102 80 0.19 5.55-102 1.11 2.53-102
128 64K 16 0.92 8.51-10°3 160 0.30 4.52.1072 1.74 7.56-10°3
256 256K 32 0.86 4.69-10°3 320 0.43 3.36-10°2 1.96 1.94.10°3
512 1M 640 0.57 2.26-102 2.00 4.86-10~%
565 min 384 min
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Problem Setup

Clay

Dogger B B

N

Domain 25km long 700m thick
Repository 3kmlong 6m thick
Flow computation

Transport of two solutes

Couple x1 Test Case

lodine 129

Mostly diffusion-dominated transport
process

Convection only dominant in limestone
layer on coarse meshes

Grid Peclet number reaches 1/4 on
900000 element mesh in limestone
layer

Simulation time 10/ years

Concentration changes slowly from
100 to 107 years

Large time steps — implicit time
discretization

12

Isoline 10~ ~= — maximum principle

Do not use upwind

Plutonium 242: Easy
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Mesh

222 elements, streched by factor 12 in y-direction
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Load Balancing — 8, 40 Processor s
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Time Steps

Time step size varies with time Computations:
/O Level Nodes Timesteps  Atmax
VAR 3 14521 387 60000
\\],L | 4 57329 609 30000
A ] 5 227809 900 30000
/ 6 908225 1692 15000

No automatic time step selection
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Flow Regime for 129

Grid Peclet Number ;

Limestone Clay
_ E Level Pe Crmax Pe Crmax
D 16 70 4 0.01
Pe < 2 maximum principle for central 8 140 2 0.02
differences 4 280 1 0.04
Pe > 10 convection dominated 2 560 1/2 0.08

1 1120 1/4 0.16
1/2 2240 1/8 0.32

1/4 2240 1/16 0.32
_ula

wWRh O_._\jm.xﬁoﬁ At = wOOOOv\_.

Limestone: |u| = 2.5-10~%m/yr, D
“_.NWBN\V\_.. —JOuBQX — N@“_.B. jpgms
100m, w=0.1,R=1

Courant Number:

o 01 W DN P O

Cr

Cr < 1 for stability of explicit Euler
scheme
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Head
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Velocity Profile , x = 21680m

Darcy Velocity at x=21680m
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Comparison Finite Volume Scheme vs. Discontinuous Galerkin
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Mole

Flux es

Total Fluxes of lodine 129
T

T

clay top

15

0.5

6e+06

clay bottom -------
dogger left -

8e+06 1le+07

2e+06

4e+06
Time [yr]
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Mole

Flux es (Detail)

Total Fluxes of lodine 129

1 _ _
clay bottom -------
dogger left -~
0.8 |
0.6 |
04 |
0.2 + |
400000 600000 L -

200000

Time [yr]
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Contour Lines lodine 129 — Level 4, 57397 Nodes

10110yr, 50110yr, 10%r, 107yr

87, 132, 294, 606 time steps

oooooooo

oooooooo

:
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Contour Lines Plutonium 242 — Level 4, 57397 Nodes

50110yr, 200000yr 108yr, 107yr

oooooooooooooo

ooooooo

oooooooo
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Grid Convergence — 200000 years

full upwind, error: 2000m

200000, 00000001

200000

Level

central, error: 161m
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Couple x1 — Computation Times

2nd order scheme

P11/400 cluster, fast ethernet, LINUX, GNU compilers

level nodes timesteps processors computing time [h]
3 14521 387 1 2.45
4 56832 609 1 14.16
5 227328 900 8 23.50
6 909312 1692 40 46.25

Peter Bastian, IWR, Uni Heidelberg



Conclusions

UG: open source research code, framework for the numerical solution of partial differential
equations

Features: unstructured, 2D/3D, multigrid, parallel, adaptive, ...
MUFTE: 1,2,3 phase flow in porous media, fractures

Couplexl: computation on 900000 nodes, 2nd order scheme considerably more accurate
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