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fThe results which I will present today are obtained in
collaboration with C.J. van Duijn, from the Dept. Math.
and Comp. Sci., TU Eindhoven, The Netherlands.

They present a continuation of the previous work:

[1] A. Mikelic, V. Devigne, C.J. van Duijn : Rigorous upscaling of
the reactive flow through a pore, under dominant Peclet and Damkohler
numbers, SIAM J. Math. Anal., Vol. 38, Issue 4 (2006), p. 1262-1287.

[2] C.J. van Duijn, A. Mikelic, I. S. Pop, C. Rosier : Effective Dispersion
Equations For Reactive Flows With Dominant Peclet and Damkohler
Numbers, In: Guy B. Marin, David West and Gregory S. Yablonsky,
editors: Advances in Chemical Engineering, Vol 34, Academic Press,
2008, pp. 1 —45.

[3] C. Choquet, A. Mikeli¢ : Rigorous upscaling of the reactive flow with
Lﬁnite kinetics and under dominant Peclet number, Continuum Mechanich
and Thermodynamics, Volume 21, 2009, p. 125-140.

Talk at the Journées Scientifioues du GNR MoMaS. CIRM Marseille . 23-25 Novembre 2009 — p. 2/~



Thanks 2
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This research is supported in part by the GNR MOMAS
(Modélisation Mathématique et Simulations numeriques
liées aux problemes de gestion des dechets nucléaires):
(PACEN/CNRS, ANDRA, BRGM, CEA, EDF, IRSN)as a
part of the project

"Modeéles de dispersion efficace pour des problemes de
Chimie-Transport: Changement d’échelle dans la modélisation du
transport réactif en milieux poreux, en présence des nombres
caractéristiques dominants. ”
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Intro 1

=

fIn many processes arising in chemical engineering it is
Important to study the diffusion of a solute transported by a
fluid flowing through a porous medium. In addition, there
are reactions or adsorption occurring at the solid/fluid
Interfaces.
Examples are chromatographic systems, heterogeneous
reactors from chemical and catalytic reaction engineering,
the use of surfactants in tertiary oil recovery processes,
environmental problems ....

These systems are analyzed in terms of dispersion equations
for momentum, energy and mass transfer in continua. In
fact averaging of the physical first principles should give

o -
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Intro 2

. .

us the dispersion coefficients (=effective coefficients ).
Nevertheless, there are difficulties:

Even the simplest models contain the transport terms of the
form v - Ve. Since both the velocity and the concentration
gradient are oscillatory, in general the average of the
product is different from the product of the averages.

Par example, in Taylor’s dispersion the velocity field

contributes, after averaging, to the effective diffusion and

one obtains Taylor's mechanical dispersion term. Presence

of the chemical reactions complicates additionally

determination of the effective coefficients since they can

depend on the reaction term or on the adsorption isotherm

In a complicated way. It is fairly complicated to determine
L’[his dependance using just laboratory experiments . J
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Intro 3

=

fIn order to start with a simple situation, we consider a
porous medium comprised of a bundle of capillary tubes.
The disadvantage is that a bundle of capillary tubes
represents a geometrically oversimplified model of a porous
medium. Nevertheless, there is considerable insight to be
gained from such analysis.

We start with the classical Taylor dispersion problem:

We study the diffusion of the solute particles transported by
the Poiseuille velocity profile in a semi-infinite 2D channel.
They don’t interact between them. We suppose zero
diffusion flux at the lateral walls. The simplest example,is
described by the following model for the solute
concentration c*:

o -
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Intro 4
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Intro 5

- .

oc* .\ oc* .
Ot T ( )8 o DmolA:c*,y* =0 In ]R+ X (—H, H), (1)
where ¢(z) = Q*(1 — (z/H)?) and Q* (velocity ) and D,,,,,

(molecular diffusion ) are positive constants. At the lateral
boundaries z = £ H we impose zero flux:

DiotOyc® =0 onl™, (2)

" ={(z%vy*): 0 <a* <400, |y*| = H}. At the inlet
boundary, infiltration with a pulse of water containing a
solute of concentration Ct, followed by solute-free water, is

described using the Danckwerts boundary condition

§ . q(y*)ch, for 0 <t* <t
\— —Dypo1Ozc™ + q(y*)c” = ) / % ’ (3)J
0, for t > .
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INntro 6

-

The natural way of analyzing this problem is to introduce
the appropriate scales. They would come from the
characteristic concentration ¢, the characteristic length Lg,
the characteristic velocity Q*, the characteristic diffusivity
Dpr and the characteristic time Tz. The characteristic length
L g coincides in fact with the " observation distance".

=

Problem involves the following time scales:
Ty, = characteristic longitudinal time scale = Lgr/Q*

Tr = characteristic transversal time scale = H?/Dpg

and the non-dimensional number
Pe = L% (Peclet number).

o -

Talk at the Journées Scientifiaues du GNR MoMaS. CIRM Marseille . 23-25 Novembre 2009 — p. 9/~



Intro 7

-

In this presentation we fix the reference time by setting

Thr =Tc =Tr and introduce e = H/Lr = H/(Q*TT) << 1.
To carry out the analysis we need to compare the
dimensionless numbers with respect to . For this purpose
we set Pe = ¢,

=

Solving the full problem for arbitrary values of coefficients is
costly. Consequently, one would like to find the effective (or
averaged) values of the dispersion coefficient and the trans port
velocity and an effective corresponding 1D parabolic equat lon for
the effective concentration . In 1953 G.I. Taylor obtained an
explicit effective expression for the enhanced diffusion
coefficient and it is called in literature Taylor’s dispersion formula.

o -
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Intro 7A

W .

e have
T HQ*
T, = e =0(*"%) = &% pe.

The situation from Taylor’s article corresponds to the case

when 0 < o < 2, I.e. transversal Peclet’s number is equal to

1 . . o
(=)*~L. Itis interesting to remark that in his paper Taylor
E

has a =1.6 and o = 1.9.

Our domain is now the infinite strip Q* = IR, x (0,1). Then
using the antisymmetry of ¢, our equations in their
non-dimensional form are

o -
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Problem 1
=

82 € 82 e

—_— — — a—2 - +
5 + Q(1 )(% De® 52 + De 7 in Q7 x (0,7,
(4)
oct 1 Oc°
- a—27" _ —
De oy D52Pe oy 0 on I'™ x (0,7), (5)
*(x,y,0) =0 for (z,y) € Q" (6)
Q(1 —y?)cy, for 0 <t <ty
—D O‘ﬁx © 1 — )¢ r=0 — )
(=P80 + QU =) a0 {O, for t > ty.
(7)
oct
97 —(z,0,t) =0, for (x,t) € (0,+00) x (0,T). (8)

o

-
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Problem 2
=

In the absence of chemical reactions, dimensionless T
version of Taylor’s result for the dispersion coefficient reads:

Orcl Y 4 Q@ ' = (De® + 945% £27 ) Oppcl W,
In IRy % (O,T), Tay’a::() = Cf, (9)
CTay’t:O — O; axCTay c LQ(B—F X (OaT))a

What is known concerning derivation of (9) ?

o -
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Problem 3
=

¢ For the formal derivation using the method of moments , see
the paper of Aris from Proc. Roy. Soc. London (1956).

¢ Another approach is in the paper by Lungu and Moffat, J.
Engng Math (1982). They used a large time and small wave
number expansion, after a Fourier transform, to decipher
the asymptotic behavior.

=

¢ " Near rigorous " derivation using the centre manifold

theory is due to Mercer and Roberts, SIAM J. Appl. Math.
(1990). The initial value problem is studied and the Fourier
transform with respect to = is applied. The resulting PDE is
written in the form @ = Au + F(u), with uw = (k, ¢) . Then the
centre manifold theory IS applied to obtain effective equations

at various orders. Since the corresponding centre manifold

Lisn’t finite dimensional, the results aren’t rigorous. J
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Problem 4
=

¢ Rigorous derivation, with an error estimate is due to
Mikelic et al (see [1], [2], [3] and related work).

Our result could be restated in dimensional form:
Theorem 1 Let us suppose that

Lr > max{Dgr/Q*,Q*H?/Dg, H}. Then the upscaled
dimensional approximation for (1) reads

=

octelf ac*,eff
ot _Q -
8 @2 eff
D 1+ —Pe 1
mol( HYE ) A(x*)2 (19)

where Pey = £ | .
| o
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Problem 5
=

Conclusion is that modeling of dispersion for flow through
tubes is classically done by using an effective
convection-diffusion equation of the type

=

oc oc  ~ 0%
§+<U> py :Deff@, (11)

where < v > is the transversally averaged velocity and D,
IS the effective dispersion coefficient.

Deff depends on the transversal Péclet number

<v>H

Pep = D where D,,.; Is the molecular diffusivity and
mo

H Is the tube radius.
Characteristic of all these models is that they give rise to a
parabolic equation for the effective volume concentration. J
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Parabolicity of the effective dispersion equations leads to

Problem 6
=

some non-physical properties:

)

In the starting equation the longitudinal diffusion is
frequently neglected. Nevertheless, the dispersion
equations have effective dispersion in the longitudinal
direction. Consequently, they predict the infinite
propagation speed of perturbations, which is (of course)
not met in experiments.

For purely convective flows a particle follows a
streamline, flow reversal does not alter the streamline
and the particule returns to the starting position. In the
presence of transverse diffusion particles move
randomly in the transverse direction between
streamlines. Consequently, after the flow reversal they J
do not return to their original position.
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Problem 7
-

The diffusion reduces the reversibility. If directly at reversal
a variance decrease is observed, at least over a short time,
the phenomenon is called partial reversibility. Physical arguing
Implies that one should observe at least partial reversibility.
These reasons motivated Scheidegger to propose as early
as in 1958 the 1D telegraph equation

=

+ —— =0, (12)

as model for dispersion in porous media.
For Taylor’s dispersion in a tube, Camacho developed
upscaled hyperbolic models (see Physical Rev E 1993),
using a viewpoint of irreversible thermodynamics and by
L:lveraging over the section the Fourier expansion of the J
olution In the original equation.
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Problem 8
=

He arrived at the following non-Fickian relaxation telegraph
equation:

=

(92 1 (0 ) 2
. 8726+m(8_§+<v>8_;)+(2<U>+6€ff)8x—§t:

, (13)
(Jg — (KU > +Bepr) <v > )%

\

Another approach, consisting of the Liapounov-Schmidt
reduction coupled with a perturbation argument is
developed by Balakotaiah et al in recent years (see SIAM J.
Appl Math 2003, Korean J. Chem. Eng 2004). For the

setting of Taylor’s result, they obtained the following
dispersion equation

L @+< >&+< > 1 82C—D 8—26 14J
ot SV xSV BD, owar  Cmelggz WA

Talk at the Journées Scientifiaues du GNR MoMaS. CIRM Marseille . 23-25 Novembre 2009 — p. 19/-




Problem 9

. .

Since D,,,; Is very small, the right hand side could be
neglected and we get a hyperbolic equation for ¢. This
result indicates that dispersion could be better described
using the hyperbolic dispersion model (14) than by classical
Taylor's model.

In this talk we address the question of the rigorous
justification of the formal results and observations from the
article by Balakotaiah et al.

We have the following result:

Let ¢y = co(z). As upscaled approximation of the problem
(4)-(8) we introduce the following 1D Goursat’s problem :

0* .
Oyc+ < v > Opc — mPege® ™ 8x(;t =01n (0,4o00) x (0,7,

B 09
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Problem 10
L o

t
Clz=0 = c¢(t) — / e<v>(t=2))/(Peome _O“)ach(z) dz, (16)
0
clt=0 = co(z), (17)
4

3,m =< v(y)Ps(y) >= —31E,

where < v >= fol v(y)dy =
(y) IS the solution for

cf:Ofort>t0andP4

( v(y)— < v >

_8yyp4(y) — = < U >

\ (18)
8y1P4:Oon y=0and —9,P,=00n y=1
Let us announce our main result.

on (0,1),




Theorem 2
cy € C*00,T]. Let c be given by

Problem 11

Let2 > a >4/3, let ¢ € Hl(R+) and let T

15

17

Laplace transform. Then we have

E

Pe

o—2

(&° — ) — Pu(y)(< co > —1Y)

— 0

Vr e C, Rt > 0,

where ¢© Is the Laplace transform of ¢°.

Let us suppose in addition c;(0) = co(0). Then the above

convergence takes place in H%(C,; L*(27)) and for all
T € (0,+00) we have

a—2

<

0

(& o)+ Pa(y) L

— —

ot

0 strongly in L#(Q*

Talk at the Jour

nées Scient

iflaues

and let ¥ be its

strongly in  L*(Q1),

(19)

x (0,T)), as 5—>J
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Problem 12
=

Corollary 1 Let us suppose that

L >> max{D,,/Q*, Q*H?/D,,,;, H}. Then the upscaled
dimensional approximation for (1) reads

octelf octelf O2cetf _
S <V > —mHPer S ——— =0, in Ry x (0, )
(21)
g = co(2), (22)

t*
C*,eff’xzo _ C}kc . / 6(<V>(t*_z*))/(PeTmH)(9z*cj?(z*) dZ*, (23)
0

>|<
Where Pep = Q |s the transversal Peclet number,

< V >= — 7 / y) dy and H PeT IS the mlxmg Iength J
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Proof 1
RN | -

inally, we little more work we have the following strong
convergence result Theorem3 Convergences in (19) and in
(20) are strong.

How to get these results?

1. STEP| We apply the Laplace transform with respect to
t and get

L =¢cy In (0,+00) x(0,1) (24)
—s?@xée + (1 —yH)E = (1—y%)ep, for (z,y) € {0} x (0,1),
0
(25)
ga 2

0y (x,y,7) =0 on (0,+00) x ({0} U{1}). (26)

B -
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Proof 2
it -

W
LEC=7C+ (1 — 2)0§ _ e (0%¢ I _282C 7
-7 Y Or  Peg \ Oz2 . oy? ) 7

We start from the system (24)-(26) and search for ¢© in the
form

&£ = (x,te) + 2 %N w,y, t) + 22V (z,y, t) + ... (28)

After introducing (28) into the equation (24) we get

1
80{7'60 + (1 — )0’ — P—ayycl — co} + 82_a{761+
€0

1
(=)0 - —P—e()ayy@} — O(£22-9) £ O(%). )
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Proof 3
=

In order to have (29) for every 0 < ¢ < g¢, all coefficients in
front of the powers of ¢ should be zero.

=

The problem corresponding to the order ¢V is

( Pleoa —(1/3 = y*) 05 + co — fol co(x,y) dy
¢ — (7 + 20, 60/3 fo co(z,y) dy) on (0,1), (30)
| Oyc! =00n y=0 and —9J,c! =00n y=1.

Fredholm’s alternative =

1
¥ +20,°/3 — / co(x,y)dy=0 1In (0,L). (31)
0

For « close to 2, the equation (31) gives a coarse J
LapprOX|mat|on and it does not suit our needs.
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Proof 4

W .

e throw it to the next order by imposing that

1
¥ +20,/3 — / colz,y) dy = O(e*™%) in (0,+00). (32)
0

Since

—(1/3 — y*)0x® — (7 + 20, /3 — co(z)) =
31

_§Q§_y)( o(z) — ") + O(*™) in (0,400).  (33)

(30) reduces to

0w = ~30/3 = )(eo(a) =) on (0.1).

L{ac()on y=0and —Jd,c' =00on y=1 J
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Proof 5
| o

—cl(z,y,t) = = (& — = — —)(co(x) — 7") + Co(z, 1), (35)
Peg 2
where Cy Is an arbitrary function.
Let us go to the next order. Then we have
Pleoﬁ = —(1 — y*)0pc! — 7t — 272 (7" + 20,V /3—
co(z)) on (0,1), dyc?|y=0,1 =00n y = 0.
(36)

Finally, after straightforward calculations, Fredholm’s
alternative for (36) gives

4 2—o I
LTC Lz ac +527 P 70, =F in (0,400)x(0,7T), (37)J
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Proof 6
| o

4
= co(x) + %5 ~“Pepdzco(). (38)
82—04 o .
A + C, satisfies the same equation at order O(2(2=)

Pe
and we choose Cy = 0 without loosing generality.

After applying the inverse Laplace’s transform we get
Goursat’s problem (15)-(17).

HOW TO JUSTIFY THIS RESULT RIGOROUSLY?

o -

Talk at the Journées Scientifiaues du GNR MoMaS. CIRM Marseille . 23-25 Novembre 2009 — p. 29/



Rigorous 1

2. STEP| Function ¢¢ = e %(¢f — ") /Pey satisfies the
following variational equation

1
b(g", 5) — / o+ / 0(9) e o—o2los / 0(4)d" o+
QO+ 0 QO+

e <V > =V
| Ottt 0,0) = ©) 5,0
Peg Jo+ O+ Peg
52(04—1)
— mTﬁchgo + mozcop — 5 3x603x90+
0O+ O+ Peo O+

1 ~
m(co|g=0 — TCy) Lt
o0, Voe H(Q7), Vre C..
/0 U(y)< v > —p60m52—047'90’$ 0, V¥ (£27), vr € Cy

(39)

o -
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Rigorous 2

fFor a > 4/3 we get T

10, |2y < C{HCoHHl(m) + leolomo — 7é11+

1+ 1711/251—6“/2)\raxcor\p(m)}. (@0)

Estimate (40) implies existence of a subsequence of {¢°},
denoted by the same superscript, and Q € L?(Q"), such
that 9,¢° — @ weakly in L?(Q"). Passing to the limit in the
variational equation (39), yields the following equation for Q:

ROy dxdy = —/ (v(y)— < v >)0,"p dady,  (41)
B " o

where " is the solution for the problem
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Rigorous 3

- .

74 <> 0,0 =< g > in QT
{ O o = e, (42)
Next we obtain that
PO
0yq° = * 29, > ~ Oy Py(y)(< g > —70T), (43)

weakly in L?(Q™), for every 7 € C,.. We would like to go one
step forward and use the hyperbolic effective equation to
prove the weak convergence of ¢° to Py(y)(< co > —7c%").

o -
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Rigorous 3

- .

3. STEP | Having in mind the estimates from STEP 2, we
Introduce the function w*® by

a—2
c £

W = (¢° — co) — Py(y)(< ¢p > —TCO) (44)

Peg

and write the corresponding variational equation. After
carefully estimating the terms, we obtain that

{%wspmﬂ<Ck1W%wfpmﬂ<cn a5

[0pwe || 20y < Ce™2; [|[V/ows |a=ollr2(0,1) < C.

Consequently, there is w = w(z, 7) € L*(R.), for every

LT € C, such that J

Talk at the Journées Scientifiaues du GNR MoMaS. CIRM Marseille . 23-25 Novembre 2009 — p. 33/



Rigorous 4

- .

w® —=win L*QT) and 9w —0 in L*Q"), VvreC,.
(46)
Next we find out that

+00
/ (Twp(z) < v >wiyp(x)) de =0, Yy € Hl(R+). (47)
0

The equation (47) yields w ¢ H'(R,) and w(0,7) = 0.
Therefore w = 0on R, forall 7 € C.. This proves (19).
It remains to prove the convergence with respect to the time
as well. Difficulty is that bounds in (45) depend on r and
their integrabillity is to be discussed.

We use the properties of the upscaled solution. They lead

to -
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Rigorous 5

E Q) L— 1 g
w220y + €7 IH\/%(;)@W 22y < €

(48)
Now we repeat the above convergence argument but in
H?(C,; L*(27)) and obtain (20).

4, STEP: STRONG CONVERGENCE | We construct the
corresponding boundary layer through the problem

v(y)0:0 = Oyy 3 in QF, (49)
5(0.9) = Paly) ~ =" on (0.1) 50
(%ﬁ‘y:(),l =0 for x € R,. (51)

-
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Rigorous 6

-

Next we consider the function

o—2
wS il = (&5 DY Py(y)(< cp > —7c°)
Pe
L 0
+ﬁ(52_apeo,y)(< o > |p=0 — 7C"|z=0). (52)

For it we prove that for 2 > o > 4/3
w2y < Cemint3a/272170/2} gnd w® — 0in L*(QT), V7 € C

(53)
and the strong convergence is proved.

o -
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Open guestions

- .

#® How to get rigorously such results for reactive flows?
® How to handle nonlinearities in reactive flows?

o -
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