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Plan

Mathematical Analysis for two compressible phase flow

Convergence of finite volume scheme for water—gas flow
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Model

The equations describing the immiscible diplacement of two compressible phases are
Mass conservation of each phase:

¢80 (pi(pi)si) + div(pi(pi) Vi) + pisifp = pisi f1, i=1,2
Saturation : s;(t, x) Density: p;(p;) Known saturation: s (¢, z)
Pressure: p;(t, ) Injection term: f; (¢, x)
Porosity: ¢(x) Production term: fp(t, x)
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Model

The equations describing the immiscible diplacement of two compressible phases are
Mass conservation of each phase:

$0: (pi(pi)si) + div(pi(pi) Vi) + pisifp = pisi f1, i=1,2

Definition of saturations

s1 + s9 = 1.
Darcy law for velocity V;
Permeability tensor: K Viscosity: pu;
Mobility: M;(s;) = k;(s3)/ s Gravity: g
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Model

The equations describing the immiscible diplacement of two compressible phases are
Mass conservation of each phase:

$0: (pi(pi)si) + div(pi(pi) Vi) + pisifp = pisi f1, i=1,2

Definition of saturations

s1 + s9 = 1.

Darcy law for velocity V;

Density

pi = pi(pi) increasing and bounded function (0 < pm < pi(pi) < par)-

Capillary pressure law

f(s1) = p1 — p2 increasing function.
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Problem

We search for (pi1,p2) solution of the system

00t (pi(pi)si) — div(Kp; (pi) M;(s:)Vp;) + div(Kp? (p;) M;(s:)g)

+ pi(pi)sifp = pi(pi)sifr, i=1,2

S1+s2 =1

f(s1) =p1 —p2
® Boundary conditions

p1(t,z) =0, p2(t,z) = 0 on Iy (injection boundary)

Vi-n=YVs3-n=0onIY%,;, (imprevious boundary)

@ |nitial conditions
p1(0,x) = Pcl)(x), p2(0,x) = pg(a:) in O
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Degeneracy

degeneracy in the evolutionterm: s; =0
degeneracy in the diffusion term: M;(0) =0

¢t (pi(pi)si) — div(Kp;(p;)M;(si)Vp;)

+ div(Kpj (pi) Mi(s:)g) + pi(pi)sifp(t,x) = pi(ps)si f1(t,z), i=1,2. (1)

® overcoming diffusion term degeneracy by adding n term,

9Ot (pi(p])s]) — div(Kp; (p] ) M; (s])Vp]) 4+ n(—1)" div(p; (p! )V f(s]))

+ div(Kpj (p] ) Mi(s])g) + pi(p))s] fp = pi(p])sifr, i=1,2. (2)
® overcoming evolution term degeneracy by a time discretization method,

pi(pi)si — p;s;
h

— diV(Kpi(pi)Mi(Si)Vpi) + ... (3)
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Main estimate : Global pressure

The global pressure p is defined as

p=p1+p(s1) =p2 + p(s1),

where
Mo (s2) df
M(s1) d

_ Mi(s1) df

d
) M(s1) d

()and() 75 (51):

Consequently, we have
M M
Vp1 = Vp+ ——Vf(s1) and Vpz = Vp — ——V f(s1),
and

My Mo
M

M (s1)|Vp|* +

M1M2

Define, the function 3 such that IV £(s1)|? =|VB(s1)|?.
The key point is to obtain the estimatesvrp and V(3(s1) .

[V f(s1)]? = M1(s1)Vp1 - Vp1 + Ma(s2)Vpa - Vpa.
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Main estimate : evolutive terms

Define the test function

pi 1

And
Hi(pi) = pi(Pi)gi(Pi) — Pi,
Note that
H;(0) =0, Hi(p;) >0, |Hi(ps)| < clpi| forall p;.

We have the equality :

Ot(p1(p1)s1)g1(p1)+0:(p2(p2)s2)g2(p2) = O (817'(1(]01)+827'l2(]02)) +(9t(/081 f(&) df)-

Note that
s1
s1H1(p1) + s2H2(p2) > 0 and / f(&) is bounded.
0
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Main estimate

Ot (pi(pi)si)— div(Kpi(pi) M;(s:)Vpi)+

+ div(Kp? (pi) Mi(s:)g) + pi(pi)sifr = pi(pi)si f1

Multiplying by g;(p;) = g’i pi&) d¢ , integrating over €2 and adding terms for ¢ = 1,2, we

get

d d S1
y /Q & (s1Ha(p1) + 52Ma(p2)) do + /Q b /0 £(6) déda
—|—/ KMl(Sl)V]h - Vp1 dw—l—/ KMQ(SQ)VPQ-V]?Q dx
Q Q
=/ Kpi(p1)g - Mi(s1)Vp1 dfc+/ Kp2(p2)g - M2(s2)Vp2 dx
Q Q
—/ pl(p1)81fp91(p1)dfc—/ p2(p2)s2 fpg2(p2) dr
Q Q

+/ p1(p1)s{fzg1(p1)d:c+/ p2(p2) st frgz(p2) dz.
§2 Q
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Main estimate

We have now

Mi(s1)Vp1 - Vp1 dzdt + M2 (s2)Vp2 - Vpa dxdt
Qr Qr

<O+ llzom +Ip2ll2 ) (@
but, p1 =p —p(s1) , p2 =p —p(s1), then
/ M(s1)|Vp|? + / VB(s1)[? = / Mi(s1)|Vpr|? + / Ma(52)|Vp2|? < Ca
QT QT QT QT

Vp, VB(s1) and /M;Vp; are bounded in (L?(Qr))" .

Consequently, we show that
O¢(pi(pi)si) is boundedin L*(0,T; (Hp (2))')

which lead to compactness result.
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Physically relevant assumptions

(H1)
(H2)

(H3)

(H4)

(H5)
(H6)
(H7)

0< o <op(x) <¢p1 ae. xe€.

1K (oo (yyaxa < koo and  (K(z)E,€) > kol€|*.

My, Ms €C%([0,1;RT), M1(0) =0, M2(0) =0,
Ml(Sl) -+ MQ(SQ) > mg > 0.

a=20Me A cljo,1);1), B(s) := [0 a(z)dz

Mq+Mso ds

B~1 is an Holder function of order 6, with 0 < 9§ < 1.
(fP?f[) S (LQ(QT>)2! fp(t7w>1 f[(t7m> Z O a.e. (t7$> S QT
pi € C2(R) increasing, 0 < pm < pi(pi) < pur -

Capillary pressure function f € C'([0,1];R™)

0< f<

df
ds’
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Cauchy problem

Theorem1. Let (H1)-(H7) hold. Let(p?, pY) belongs toL?(2)? . Then there exist$p1, p2)
satisfying

pi € L*(Qr), VM;Vp; € (L*(Qr))Y,
¢t (pi(ps)si) € L*(0,T; (Hp, (),

0 < si(t,x) <laeinQr, B(s1) € L*(0,T; H(Q))

such that for allp;, € C* (0, T; Hy, () with p;(T) =0,

| Gpi(pi)sitreps dudt — / b(x)pi (2 ()50 ()03 (0, ) dx
QT Q

+ KM;(s;)pi(pi)Vp; - Vi dedt — KMZ(sz)pf (pi)g - Vi, dxdt
QT QT

-l-/ Pi(pi)sifPSdedt:/ pi(pi)si frei dedt, i=1,2.
QT Qr
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Finite Volume scheme for water-gas flow

The gas equation :

$0:(p(p)s) — div(p(p)M1(s)Vp) — div(p(p)VB(s)) + p(p)sfp = 0. (A)
The water equation :

$0rs + div(Ma(s)Vp) — div(VB(s)) + sfp = fp — f1- (B)

s : saturation of gas, p : global pressure, ((s) : capillary term, p(p) : density of gas
(increasing and bounded function).
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Finite Volume scheme for water-gas flow

¢0t(p(p)s) — div(p(p)M1(s)Vp) — div(p(p)VB(s)) + p(p)sfp = 0. (A)

$0rs + div(Ma(s)Vp) — div(VA(s) + sfp = fp — f1. (B)

B A priori estimate on pressure. Multiply (A) scalary by p + (B) scalary by
g(p) = — [3 p(q) dq , we get

%/Q%H(p) d:c+/ﬂp(p)M(s)|Vp|2 d:C:/Q(fP_fI>g(p)da:—/QH(p)sfP dz.

pOt(p(p)s) + g(p)Ots = Or(sH(p)), and H(p) = p(p)p + g(p) =0

B A priori estimate on saturation. Multiply (B) scalary by 3(s), we get
d S
S [ o[ berdz)do+ [ Vo) V() da
dt Jo 0 Q

= / Ms(s)KVp - VE(s)dx + / (1— 5)(fp - f])ﬁ(s) dZ 3oumees GNR MoMas — p.12:
@) (9



Finite Volume scheme for water-gas flow

B Discretization. Let 2 be an open bounded connected subset in R
(t*)i=0,n a subdivision of the interval (0,T)
7 : admissible finite volume mesh of 2 (Eymard-Gallouét-Herbin).

B Notation.
r i the center of K
N(K) the set of the neighbors of K
dr,, = d(Tx, 1)
ok, 1, theinterface between K and L

. |O'K’L| - . g
TKIL = “dp L transmissibility through o 1,
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Formulation of scheme

B Initial condition:

1 / 1
0 0
P = — po(x) dx, S7- = —/ so(x) dz, (4)
K] K K] K
B Time derivative:
n+1y n+1 n n
- PP )it — oo s,
Ot ( dxdt ~ |K
At/tn | 90003 dade ~ |Kc 1 —
1 tn—|—1 n—l—l . STIL{
— O¢s dxdt ~ |K
N /tn / POt s du K| ¢ 2K ~

B Capillary terms:

Ait/t«tn-i—l /KAH(S)% Z TK|L(6(SZ+1>_6(S?<+1))’

LEN(K)
1 tnt1 . n n n
< [ [ avewvae) xS meit (860 - BE).
tJe K ’
n LEN(K)
PK. I = PK pn(q)dq. Journées GNR MoMas — p.14/:



Formulation of scheme

B Convective terms : Upwind scheme accordingto —Vp - n on interfaces.

1 trnt1 M. n+1 n+1 n—l—l if n+1  n+l < 0
= [ avonve m { e Jen mpie ) RPL T Pk
At Jy,, K ’

M2( n+1)(p7£—|—1 n—|—1) if pn—|—1 n+1 > 07

Pk Pk

~ G ( n—l—l —|—1 dpn—|—1>
where dppf) =7 (PP — P, andz = 2t — 2=, forall z € R.

In the same way

1 tn41 _ n n
5 [ @@V & o i s st
tn

G (5 sp s dpct ) = —Ma(sE )Pt + Mu(si ) (o)
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Formulation of scheme

B Main properties on the numerical convection flux functions G;

Classical monotony and consistency properties :

e s+— G;(s,-,+) IS non-decreasing, s — G;(-,s,-) is non-increasing
o Gi(s,s,9) = —Mi(s)q, Ga(s,s,q) = Ma(s)q

o Gi(s1,52,9) = —Gi(s2,51,—q)

And for the considered system, we have : there exists a constant mg such that
(G2(817 S2, q) - Gl (817 S2, q))q 2 m0|q|27 for all 81,82,9 € R.
It is a key point to show the discret gradient of pressure is bounded.

B Gravity terms : upwind scheme accordingto g - n on the interface o r, .
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Formulation of scheme

PP M) s — p(p)sh n n n
K| ox¢ 2 TPk (BT — BGET)
LEN(K)
LEN(K)
S?{H_SK +1 +1
R D DI T AL (G )
LEN(K)
n n—+1 n
+ > G FED A K| (S - D ek = — K| fr.x
LEN(K)

where G”j{{lL and F”’;glL denotes the approximation of convective and gravity terms,
1=1,2.
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A priori estimates

Lemma 1. (Nonnegativity) Let(s%. ) ke € [0,1]. Then, the solutior(s’ ) ke 7, nefo,...,N} » Of
the finite volume scheme remains[in 1] .

Proposition 1. (Estimates on discret gradient pressure and saturation)
Let (p%, 8% ) K eT ne{o,...,N} » D€ @ solution of the finite volume scheme. Then, there exist a
constantC' > 0, depending orf2, 1", sg and pg such that

Z |K|3KH pK Z |K|SKH k)t

KeT KeT

I DD VD DI TR

KeT LEN(K)

> IKIB(sg) — > |K|B(sk)+

KeT KeT

+ - ZAtZ Z TKL‘ B(shH) — (2+1)2§C

KeT LEN(K)

where B(s) = [ B(r) dr.
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Sketch of the proof ;. Estimate on discret global pressure

Multiply the gas discrete equation by p”’Jrl

pn+1
g = — [PK p(q) dg and adding them :

and the water discrete equation by

B Evolution term

-3 Yk o (PR DS = pR)siIpi ™ + (55 = sh)aeic™)).

n=0 K&7T

We have

Eir > > |K[spHR) — > |K|skH(pk),
KeT KeT

where H(p) > 0 and |H(p)| < c|p|, for all p.
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Sketch of the proof ;. Estimate on discret global pressure

Multiply the gas discrete equation by p”’Jrl

n+1
g(p™ty = — [JX  p(q) dg and adding them :  where H(p) > 0 and |H(p)| < c|p|, for

all p.

and the water discrete equation by

B Capillary term. Let us denote

Z ZNY > 7

KeT LEN(K)

Gathering by edges , we obtain

=2 (BGET ~ 8GR (PR @ = i) + (0™ = 903™)

. . 1 PK
Choose now the density at interfaces as px 1 = —/ p(q) dq so,
PL — PK

pi,L(pL —prKr) = —(9(pr) — 9(pK)); this leads to

Es = 0. (4)
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Sketch of the proof ;. Estimate on discret global pressure

Multiply the gas discrete equation by p”™! and the water discrete equation by
K

n+1
g(p™ty = — [JX  p(q) dg and adding them :  where H(p) > 0 and |H(p)| < c|p|, for

all p.

B Global pressure term. Gathering by edges and using the fact that the fluxes are
conservative, we obtain

1 1 1 1 1 1 1
By == (ot it — o HGTR L + (9p ™) — a0 )G R L)

n,o

Using again pk,r(pL — px) = —(9(pL) — 9(PK)) .

1 1 1 1 1
L3 = Z quﬁ?,LL (Grg}—{,L - G?,E,m(p}”i* - p?j ),
n,o
and from the property of (GQ(Sl, s2,q) — G1(s1, s2, q))q > mglq|? , we deduce that

< E3. (4)

N—1
2
n+1 n+1
mopm Z At SJ SJ TK,L |pK —Pr |
n=0 Ke7T LeN(K)
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Sketch of the proof . Estimate on discret saturation

We multiply the water discrete equation by [3(3’;’{“) then summing the resulting equation
over K and n :

E1+E2+ FE3s+ E4 =0,

@® evolutive term

Z D KR (sk —sk)B(sE )

n=0 K&7T

N-1
> Y K| ¢x(B(si) — B(sk)) (since B is convex).

n=0 K&eT

@® (dissipative term

Z At Y > Tr (BT = B(sETH?

KeT LEN(K)

® pressure term

Es = Z At J Y GQ(S?{+1,82+1 n+1)6(8n+1).

KeT LEN(K)
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Space and time translation estimates

Define the discret functions :
sp and up = p(pp)snB(sy)

constant per cylinder (¢, t"11] x K. We derive estimates on differences of space and time
translates of the functions
up, and Sp

piecewise constant in ¢ and constantin x for all K .
The sequences w; and 3;, are relatively compactin L1(Qr).

Lemma 2. There exists positive a constaét > 0 depending o2, T', ug and vg such that
[ |0+ - O] dedt < Clyl (o] +20), ©)
Q/x(0,T)
forall y € R3 with Q' = {zx € Q, [z,z +y] C Q}, and
// |U(t—|—7,x)—(_](t,x)|2 de dt < C(1 + At), (6)
Qx (0, T—T)

forall = € (0,7).
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Convergence of FV scheme

Théoreme Assume that pp € L?(Q2) and 0 < sq < 1. Let (s, py) be the discrete solution
generated by the finite volume scheme. Then, as h — 0, (s, pn) convergesto (s,p) :

0<s<1, B(s) € L2(0,T; HE (),
p € L*(0,T; Hf (),

such that for all o, & € CH([0,T] x Q)), o(T,-) = &(T,-) =0

— / dp(p)s)Oip dxdt — / p(po)sod(0,x) dx + / p(p)M1(s)Vp - Vedxdt
QT Q

QT

+ [ p0)VBs) Vededt+ [ pw)stppdudt =0
QT

QT

- psO:€ dxdt — / s0&(0, ) dx + VE(s) - VEdzdt
QT Q Qr

— M (s)Vp - VE dxdt—l—/ sfp&dxdt = (fp — f1)€ dzdt.
QT Qr Qr
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