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Properties of DIOPTRE scheme

It applies to anisotropic heterogeneous diffusion operators on general 2D polygonal
grid

It provides conservative fluxes between control volumes

It is exact on any mesh if continuous solution is piecewise affine

It uses cell values as primary variables with stencil: 9-point in 2D, 27-point in 3D

It ensures convergence and symmetry properties



Principles of the scheme

Define a discrete gradient ∇Du depending on cell and interfaces values

Define a discrete space HD defining some of the interfaces values by given linear combinations

Define the scheme by u ∈ HD, ∀v ∈ HD,
∫

Ω

Λ∇Du · ∇Dvdx =

∫
Ω

fvdx, up to stabilization

Eliminate remaining interface values using flux conservation, as in O-scheme



First step: definition of discrete gradient
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V = {Ks,K ∈M, s ∈ SK}

values uεK,s at centers of edges

ε = [xK, yσ′][yσ′, s][s, yσ][xK, yσ]

used in |Ks|∇K,su =
∑
ε∈EK,s

|ε|(uεK,s − uK)nεK,s

Properties of such a discrete gradient:

weak cv of ∇DuD to ∇u in L2(Ω)d

if uD cv to u with some discrete norm bounded

cv of ∇DPDϕ to ∇ϕ in L2(Ω)d



Second step: determination of interface unknowns
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1- Use continuity of flux (cf. MPFA)

elimination of uεK,s for ε = [yσ′, s][s, yσ]

provides

uεK,s lin.comb. of four uL

and of eight uε
′

K,s for ε′ = [xK, yσ] . . .

2- Define values by linear combination (cf. SUSHI)

uε
′

K,s =
1

2
(uK + uσ)

9-point stencil needs uσ = αuK + (1− α)uL . . .



Averaging on edges
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first idea:

yσ = [xK, xL] ∩ [s, s′]

then barycentric expression

does not provide exact discrete solution
if continuous solution piecewise affine

second idea:
use “harmonic averaging” instead
of barycentric value...

Need two-point expression in yσ



A problem which looks like optics...
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Problem: find point yσ

s.t., for all u affine in K and L

continuous at the interface

with ΛK∇u|K · nKL = ΛL∇u|L · nKL
then u(yσ) given by lin. comb. of u(xK) and u(xL)

Recall: Snell-Descartes law

nK sin θK = nL sin θL



Harmonic averaging points....
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θL
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xL

yσ =
λLdK,σyL + λKdL,σyK

λLdK,σ + λKdL,σ
+

dK,σdL,σ

λLdK,σ + λKdL,σ
(λσK − λ

σ
L)

with
λK = nKL · ΛKnKL λσK = (ΛK − λKId)nKL

λL = nKL · ΛLnKL λσL = (ΛL − λLId)nKL

for all continuous function u affine in K and L s.t. ΛK∇u|K · nKL = ΛL∇u|L · nKL

u(yσ) =
λLdK,σu(xL) + λKdL,σu(xK)

λLdK,σ + λKdL,σ

Remark: if λσK = λσL = 0 then λK
yK − yσ
dK,σ

= λL
yσ − yL
dL,σ

i.e. λK tan θK = λL tan θL

... no optics



Third step: complete definition of scheme
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XB = {(uK)K∈M, (uσ)σ∈E, (uσ,s)σ∈Es,s∈V
uσ given by harmonic point averaging}

uεK,s =
uK + uτ

2
if ε = [xK, yτ ] and

uεK,s = uτ,s if ε = [s, yτ ] for τ = σ and σ′

|Ks|∇K,su =
∑
ε∈EK,s

|ε|(uεK,s − uK)nεK,s

find
u ∈ XB s.t.

〈u, v〉D =

∫
Ω

f(x)ΠMv(x)dx, ∀v ∈ XB with

〈u, v〉D =
∑
K∈M

∑
s∈SK

|Ks|
(

ΛK∇K,su · ∇K,sv +
∑
τ=σ,σ′

αKτR
τ
K,suR

τ
K,sv

)

with αKτ > 0, Rτ
K,su =

1

dKτ
(uτ − uK −∇K,su · (yτ − xK)), for τ = σ et σ′

properties of scheme: coercive, symmetric, convergent



Stencil of the scheme

scheme can be expressed by

∀K ∈M,
∑
σ∈EK

σ=K|L

FK,L(u) +
∑
σ∈EK

σ⊂∂Ω

FK,σ(u) =

∫
K

f(x)dx

where expression of FK,L(u) can be deduced from

〈u, v〉K,s =
∑
ε∈EK,s

∑
ε′∈EK,s

Aε′ε
K,s(u

ε′

K,s − uK)(vεK,s − vK) =
∑
ε∈EK,s

F ε
K,s(u) (vεK,s − vK)

using conservation of fluxes and averaging expressions



Numerical results

u(x, y) = sin(πx) sin(πy)

mesh 1 mesh 2 mesh 3 mesh 4 mesh 5
#M 62 302 1357 5363 21031

# hybrid edges 1 3 6 10 17
L2-error 9.15 10−3 3.07 10−3 9.30 10−4 2.66 10−4 6.89 10−5



Conclusions

DIOPTRE satisfies a few properties but no easy 3D extension

ideal scheme remains an open problem


