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Properties of DIOPTRE scheme

It applies to anisotropic heterogeneous diffusion operators on general 2D polygonal
grid

It provides conservative fluxes between control volumes
It is exact on any mesh if continuous solution is piecewise affine

It uses cell values as primary variables with stencil: 9-point in 2D, 27-point in 3D

It ensures convergence and symmetry properties



Principles of the scheme

Define a discrete gradient Vpu depending on cell and interfaces values

Define a discrete space Hp defining some of the interfaces values by given linear combinations

Define the scheme by u € Hp, Yv € Hp, /
Q

AVpu - Vpvdx = / fvdx, up to stabilization
Q

Eliminate remaining interface values using flux conservation, as in O-scheme



First step: definition of discrete gradient

V={K,K¢eM,se Sk}

values at centers of edges

€ = [@ks Yol [Yor» 5115, Yo [ 05 Vo)

used in |K3|VK’SU’ = Z |e|(u§{,8 o U’K)n;(,s
€€k,

Properties of such a discrete gradient:

weak cv of Vpup to Vu in L? ()¢
if up cv to u with some discrete norm bounded

cv of VpPpp to Vi in L? ()¢



Second step: determination of interface unknowns

1- Use continuity of flux (cf. MPFA)

elimination of U%’,s for € = [y, s][S, Yo

provides

uy , lin.comb. of four ur,
9

of eight u?{’s for € = [xk,y,]-..

2- Define values by linear combination (cf. SUSHI)

2
LRGN ©, = aug + (1 — a)u;, B




Averaging on edges

first idea:

Y, = [Tx,xL] N [s, 8]
then barycentric expression

does not provide exact discrete solution

if continuous solution piecewise affine

second idea:
use “harmonic averaging” instead
of barycentric value...

Need two-point expression in



A problem which looks like optics...

Problem: find point y,
s.t., for all v affine in K and L
continuous at the interface

with AKV’LL|K NKL = ALV’U,|L *NKIL

N u(y,) given by lin. comb. of u(xx) and u(xr)

Recall: Snell-Descartes law

ng sin g = nysin 0g,




Harmonic averaging points....

_ AMdroYr + AkdioYx | dxoedre
Ardi s + AkdrL o Ardi s + Akdr o

Ak = nir - Agxnigr Ay = (Ax — Axld)nkp

(Akx — AL)

)\L = Ngkyg ALnKL )\% = (AL — )\LId)nKL

Ardk su(xr) + Axdr su(Tk)

uly,) = Ardi s + Akdr o

K~ Ys

CENEILE if A% = A7 = 0 then AKy ie. A tanfOg = A\ tan 0y,

K,o

. no optics



Third step: complete definition of scheme

{(uK)K€M7 (ua)0'687 (ua,s)aeﬁs,sev
u, given by harmonic point averaging}

u Ur
_ UK U if e = [xk,y,| and

= u,; if € =[s,y,] for 7 = o and o’

K| Viau= ) |el(uf, —ux)ni,

6EE:K,S

u € Xg s.t.
(u,v)p = / f(x)IIpv(x)de, Vv € X with
Q

=Y Y Ik, (AKVK,Su-VK,sw 3 aKTR},SuR}},Sv>

KeM seSk T=0,0"

1
Wil o >0, R, u=— (ur —ux — Vigsu- (y. — xK)), for 7 = o et o’
K,s K ’ T

properties of scheme: coercive, symmetric, convergent



Stencil of the scheme

scheme can be expressed by

VK € M, Y Fgr(u)+ Y Fro(u)= /Kf(fﬂ)dﬂB

oc=K|L oCofQ

where expression of can be deduced from

(wo)a= D D, AR (ug, —ur)(vig, —vk) = ) Fi (u) (vi, — vK)

GESK,S G,EgK,S eegK,s

using conservation of fluxes and averaging expressions



Numerical results

u(x,y) = sin(7rx) sin(wy)

mesh 1 mesh 2 ) mesh 4 mesh 5
#M 62 302 1357 5363 21031
# hybrid edges 1 3 6 10 17
L?-error 9.15 1073 | 3.07 1073 [ 9.3010%* | 2.66 107* | 6.89 10>




Conclusions
DIOPTRE satisfies a few properties but no easy 3D extension

ideal scheme remains an open problem



