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The Brinkman model

Describes the flow of a viscous fluid in a porous medium

Applicable to materials of very high porosity, e.g.

e Sands, porous stones, petroleum engineering
e Heat pipes

Often used as a transition layer between free and porous flow

Obtained from Navier-Stokes by homogenization.
Allaire 1990, Arbogast, Lehr 2006, ...
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The scaled Brinkman problem

@ Darcy: u+Vp=0inQ
divu=gin Q

@ Stokes: —Au+ Vp="FfinQ
divu=10in Q

@ Brinkman: —t?’Au+u+Vp="FfinQ
divu=gin Q

e 0<t< (C: xt=0 ~ the Darcy limit
x t small ~ Singularly perturbed Darcy
xt >> 0 ~ Stokes type problem
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The weak form of the Brinkman problem

@ Assume homogenous boundary conditions and p € L%(Q).
e Define a(u,v) = t* (Vu, Vv) + (u,v)

b(p¢ V) == (diVV, P)

e and B(u, p;v,q) = a(u,v) + b(p,v) + b(qg,u)
L(v,q) = (f,v) — (g,9)

e Find (u,p) € Vx Q such that
B(u,p;v,q) = L(v,q) V(v,q) EVxQ
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The norms and spaces

° a(u,v) = t? (Vu, Vv) + (u,v)
IvIE = ¢2(I9vll3 + lIvi3

° b(p,V) = —(diVV,p)
(divv,q)
llgllle = sup ~——+—=

vev vt

o Vis the completion of [C5°()]N with respect to || - ||
Q={qeZ(Q] llglll: <oo}.
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The norms and spaces

o (divv, q)
IvIIZ = (Vw5 + lIv]3 llqllle = sup ~——+—=
vev ||VHt

’ S H@PY Q=29

For t > 0 (i.e. Stokes): [
(L@ Q=H Q)N L3(Q)

Vv
For t =0 (i.e. Darcy): V

e But not uniformly !l
Gfvlly < lvle < Gllv]
CGiligllo < llgllle < Gt Hlallo

@ Boundary conditions in V: % t > 0: homogenous Dirichlet
* t = 0: natural Neumann

Antti Hannukainen, Mika Juntunen, Juho Kénno, Rolf Stenberg Finite element methods for the Brinkman model



The Babuska-Brezzi conditions

@ By definition it holds
a(v,v) > Hva Yvev

(divv, q)

> |lallle vVge @
vev vt

@ Hence

B .
sup DMLY el ) V(w, ) € Vix @

w.a)evx@ [Ivlle + [l allfe

@ We have a unique solution forall 0 < ¢t < C !l
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Mesh dependent pressure norm

a4
@ The pressure norm: |||ql||: = supm
vev [[vile
2 hy 2
o The discrete counterpart: |[[|qll|zn = Z 5 K > IVallok
) t + hK )
KecCy

t=0:=|lallle = llall = [lqlllen

t>0:= |lqllle =llgllo = IVall1
llallle.n = hlIVallo = Vall-1

@ Why do we use this norm?
— Needed in the stability analysis of the discretization
— Basis for a posteriori estimates
— Computable
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How to discretize?

@ Stokes elements (e.g. MINI, Taylor-Hood)
+ check stability in the Darcy limit

e Stabilize
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Discretizations with Stokes elements

e MINI:

Vi, = {ve [C@QIVNV]|v|k € [Pu(K)UBipn(K)IV 1,
Qn={g€ C(QNLQ) | gk € Pu(K)},

e Taylor-Hood:

V= {ve [CQINNV| vk € [P (KM,
Qn={ae C(QNLQ) | glk € Pu(K)}.

@ The Brezzi condition OK in V, x Qp
—in the norm ||v||;: + |||ql|¢
—in the norm ||v|[¢ + |||q|||¢,n
—forall0<t< C
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The stabilized discretizations

Stabilized method: Find (up, py) such that

B(up, pr; v, q)
hg (o 2
_O‘Z t2—|—hf< (t Aup —up — Vpp, t Av—v—Vq)K
Kecy
= L(v,q —az t2+h2 (f,t°Av—v—Vq),

KeCy

Spaces: Vh ={ve [C(Q)]N NV |v|k € [Pk(K)]N}
= {g€ C(Q)NLHQ) |qlx € P(K)}

Stability OK in the norm
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A priori results for the smooth solution

@ MINI and stabilized methods:

lu = unlle + lllp — pallles
< C((t+ MhH]Jullies + (£ + B) K pllisa)-

= O(h*) independent of t.

e Taylor-Hood:

u—wsl[e +{llp = pallle,n
< C((t+ A ullera + (£ + h) T A4 pllkya).

= O(h*1)if t > h,
O(h¥) otherwise (i.e. in or near the Darcy limit)
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Numerical example of a smooth solution

e Unit square

p(x,y) = —sin(x)sinh(y) + C

o=t~ (50
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Convergence for the smooth solution

Convergence in the energy norm for t=0.5

10
107} ]
2 107} 1
Q
Q
=
8 .0t .
° 10 't 1
—6— MINI (-0.60)
10°} —%— P1-P1-stab (-0.52) 1
—&— P2-P2-stab (-0.79)
. —<— Taylor-Hood (-0.81)
10 ‘ ‘ ‘
10> 10° 10* 10° 10°

degrees of freedom
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Convergence for the smooth solution

Convergence in the energy norm for t=0.2

10
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Convergence for the smooth solution

Convergence in the energy norm for t=0.01
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Convergence for the smooth solution

Convergence in the energy norm for t=0
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The Poiseuille flow

Poisseuille flow profile

m \ 01 0.01

0.8 0.3
0.5
0.6

0.4

0.2

0 0.2 0.4 0.6 0.8 1 12
velocity in x direction

Problem: —t2u”(y) + u(y) =1 with  u(0) = u(1) =0
Solution:

uly) =

(1+el/t — e/t —ey/t) /(14 eVt) if t >0,
1 ift=0.
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Relative error
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e Poiseuille flow

MINI: Convergence in the energy norm w.r.t. h/t
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th < C( Z EK(Uh,Ph)2> i

lu—uglle +|llp— pall

KeCy
2 hi 2 2
Ex(un, pn)” = 55 [[t°Aup —up — Vp, + flg «
2+ h
+ (£ + hi)lldiv up — glfp «
tay 7 [[£°0n(un)]llg ox\00 + TH(Uh —up) - n|l5 sxrsa

@ Holds independent of t
@ Also a lower bound

@ Generalizes the Stokes and Darcy results
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A posteriori in the Darcy limit

Original:
,  hx 2 2
Ex(up, pn)” = "5 It Aup —up — Vpp +f[5 «
2+ h2 :
+ (8 + hi)lldiv up — gl «
+ 2+ B 1[°0n(un)]llg ox\00 + TH(Uh —up) - n[g skrsn
Ast — 0:
> 2 2111 2
Ex(un, pn)” = || —un — Vpn + fl[5 « + hi||divus — gllg «

+ hk [l (un — up) - nlI§ skron
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A posteriori for t ~ 1

Original:
2 h 2 2
Ex(un, pn)= = - K 5 |[t“Aup —up — Vpy + g «
2+ h

+ (£ + hy)|ldivu, — g5 «

+ m”ﬂt n(uh)]]Ho,aK\aQ + TH(Uh —up) - n[g skrsn

Ast~1:

Ex(up, pr)* = hi ||t Aup — up, — Vpp + F|1§ «
+ [|divu, — gll§ «

t2
+ hi[[[£20a(un)1I3 ox\00 + EH(Uh —up) - n|1§ aknon
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Adaptive refinement for the Poiseuille flow

MINI: Convergence in the energy norm for t=0.001

10° :
—©6— Nitsche adapt.
—— trad. adapt.
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o — % — trad. unif.
10 "¢ 1
o *
<l - O - — -
& ==
1072 ]
10_3 3 ‘ 4 ‘ 5 €
10 10 10 10

Degrees of freedom
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daptive refinement for the Poiseuille flow

Mesh 1
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Adaptive refinement for the Poiseuille flow

Adaptive mesh 3 (t=0.2) Adaptive mesh 3 (t=0.1)
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Adaptive refinement for the Poiseuille flow

Adaptive mesh 3 (t=0.05) Adaptive mesh 3 (t=0.005)
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A third family. Raviart-Thomas type elements

Mixed methods of Raviart-Thomas type are standard for the
Darcy equations

Nonconforming for Brinkman and Stokes

Remedy: Discontinuous Galerkin (Nietsche).

Postprocessing of the pressure is the key to a posteriori
estimates (Lovadina, Stenberg 2006)
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The Mixed FE Spaces

e We use the BDM/BDDF spaces of order k

Vi ={v € H(div,Q) | v|x € [Pc(K)]" VK € Ch},
Qn=1{q€3(Q) ]| qlk € Pc_1(K) YK € Cp}.

e This pairing satisfies the equilibrium property divV, C Qp

@ Only the normal component of the flux is continuous
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The DG formulation

@ The bilinear form a is replaced with

ap(u, v) =(u,v) ( Z (Vu,Vv)k + Z (([u], IvD) e

KeCy, Eefh
{2 e - <[[u]1,{%}>5)),

with @ > 0 big enough. Here [-] = jump and {-} = average.
@ This, however, not enough!
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Postprocessing of the pressure

@ The "raw” pressure is in (k > 1)

Qn={q € L?(Q) | qlk € Pc_1(K) VK € Ch}.
@ The postprocessed pressure is sought from

QR ={q <€ L%Q) | qlk € Prs1(K) VK € Ch}.

o Let Pp,: L?(Q) — Qp be the L2-projection.
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Postprocessing of the pressure

The exact pressure satisfies
Vp=f+t?Au—u.
The postprocessing is: find p; € Qj; such that

’th;‘; = Ph,
(Ve Va)k = (F+ t2Aup —up, V) Vg € (I — Pp)Qflk

for all K € Cy,.

Note that this is done element by element.
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Analysis. The norms

: The jumps in the (tangential component) of the velocity and the
jumps in the pressure have to be added:

= |v||§ + t*( £ IvIIG.E)
KeCy Eegh
= Y
Hqllz.n = ————|lqlli5.¢
KeCy, Ee€&y =+ h

The coercivty is DG standard. The Babuska-Brezzi follows from
the definition of the DOF's of BDM.
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A priori estimates

From the stability, consistency and the equilibrium property it
follows

lu—uplle.n+ [1Pap = palllen < Cllu — Rpullep,

where Ry, is the BDM interpolation operator. For a smooth
solution this gives

[u = unlle,n + [[1Prp = palllen < C(t + B)A a1

Note: 1. In the Darcy limit this improves the MINI/Stabilzed.
2. It contains a superconvergence result for the pressure.
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A priori estimate for the postprocessed pressure

It holds

= pillles < C((t+ WA Jullisr + (¢ + B K2 pl ).

The postprocessing is crucial for the a posteriori estimate.
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A posteriori estimate

The same as before with the addition of the jumps in velocity and
pressure

< C( Z EK(uh,P;;)Z)l/2

KecCy

2
Ex(up, pp)* =

2 12 12 Auh_uh_vl’h"‘fHOK
t +h

+ (£ + hy)|ldivu, — g5 «

hK
3 nye) 1168 (un)TI15 oK\o T

t2
+ = [ [un]llo,ox + +
E

t2 + h?
TKH( h—up)- “Hg,amaﬂ

he .
m 1Tpalllo.ox -
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The last slide!

@ A general a priori and a posteriori analysis.
Three families of methods.

@ Theory: CALCOLO and to appaer on our wegpage.
Numerical results: see web page.

@ Previous work on numerics: A priori with H(div)-norms by
Tai, Mardal, Winther 2002 and Badia, Codina 2009.

e MERCI.
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