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Underground storage of radioactive wastes



H2

WATER

WATER

Pressure of H2 grows   �

1) whether H2 can leave the storage ?
2) preferable way :

- mechanical displacement “gas-water”
- H2 dissolution in water
- gravitational instability



��
����������	�� ������� �	
��������� ������ ������



HTP

19,6°C

23,3°C

50 bar

PT-conditions



Mass conservation

( ) ,0
)(

=r+
¶
fr¶

ll
ll Vdiv

t
S �

Two-phase immiscible flow:

( ) 0
)(

=r+
¶

fr¶
gg

gg Vdiv
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S �

( )( ) ( ) ,0)()()()(
)()(

=r+r+
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r+rf¶ k
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k
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k
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Two-phase N-component flow with mass exchange (partially miscible) :

Nk ,...,1=

( )  = mass concentration of component  in phase k
ig k i



Full closed model

( ) ( )
( ) ( )

( ) ( ) ( ) ( ) 0,
k k

l l l g g g k k k k
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Mass conservation of each component:
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Thermodynamic closure relationsPetrophysic closure relations

Momentum balance (Darcy’s law) 
for each phase i (i=g,l):

( )i
i i i

i

Kk
V grad P gz= - + r

m

�

Diffusion law (Fick law) for each
component in each phase :

)(sPPP clg += :   Capillary equilibrium law



Thermodynamic block

1° Relations between P,T,V for a 
given phase composition

2° Relations between phase 
concentrations, for given P,T,V

EOS Mass exchanges
(or « Dissolution/Evaporation »
or « Phase Equilibria »)

{ }( )1
, ,

Nq
g g g q

P c
=

r = r

{ }( )1
,

Nq
l l l q

P c
=

r = r
{ }( ) { }( )1 1

, ,
N Nk q k q

g g l lq q
P c P c

= =
h = h

(        = chemical potential )

, 1,...,k N=

k
ih



Equations of State

Ideal gas: 

2

( )RT a T
P

v b v
= -

-

Cubic w.r.t. V

Van-der Waals : 

( )
RT a

P
v b v v b T

= -
- +

Redlish-Kwong : 

( )
( )

2

1 1 / ca m T TRT
P

v b v v b

� �+ -� �= -
- +

Soave-Redlish-Kwong : 

( )
( ) ( )

2

1 1 / ca m T TRT
P

v b v v b b v b

� �+ -� �= -
- + + -

Peng-Robinson : 

,
RT V

P v
v N

= º



Equation of State in terms of z-factor

RT
P

v
=Ideal gas:

( , ), "z-factor"
RT

P z P T z
v

= =Real gas:

Peng-Robinson EOS takes the form :

Properties of pure components : Mixing rules:

( )( ) ( ) ( ) ( ) ( ) ( )

, 1

, 1
N

k j kj kj k j
i i i kj

k j

a c c a a a a
=

= = - d�
( )

( ) ( ) ( )
( )

1

, 0.08664035
kN

k k k c
i i k

k c

RT
b c b b

P=

= =�



Chemical potential.
Single-phase fluid 

General form (from the homogeneity of the Helmholtz free energy) : 

,

, ( , ) ( )
T V

F
F N P T v dv Nf T

N
¶� �h = = - +� 	¶
 � � � v

P
¶h

=
¶

or

Ideal gas (from the combination with EOS) : 

ln ( )RT P f Th = +

Real gas :

ln ( ) ( )RT P f Th = j + when 0®PP®j

Fugacity for the Wan-der-Waals gas :

( )
bv

v
vRT

a
bv

-
-+-=j

2
lnln



Chemical Potential. 
Multi-component fluid

( )( ) ( )ln ( ) component  in phase k k
i iRT f T k ih = j +

( )( ) ( ) ( )
0 ln ( , )k k k

i iRT c G P Th = +

Fugacity for a Peng-Robinson fluid :
( ) ( ) ( )k k k
i i iPcj = f

( )( ) ( )
0 0ln ( ) component  in pure statek kRT f T kh = j +

( )
( ) ( )

0 ( )
0

ln
k

k k i
i kRT

� �j
h = h + � 	j
 �

In mixture In pure state



Equilibrium Equations

( ) ( )( ) (1) ( 1) ( ) (1) ( 1), , ,..., , , ,..., ; 1,...,k N k N
g g g l l lP T c c P T c c k N- -h = h =

( )( ) ( ) ( )
0 ln ( , )k k k

i iRT c G P Th = +

Fugacity for a Peng-Robinson fluid :
( ) ( ) ( )k k k
i i iPcj = f

( ) ( )( ) (1) ( 1) ( ) (1) ( 1), , ,..., , , ,..., ; 1,...,k N k N
g g g l l lP T c c P T c c k N- -j = j =



Gibbs “rule of phases”

Number of equations = N+2
Number of variables  = 2N-2+3 = 2N+1

The difference = N-1 = vT = thermodynamic variance

( ) ( )( ) (1) ( 1) ( ) (1) ( 1), ,..., , ,..., ; 1,...,k N k N
g g g l l lP c c P c c k N- -j = j =

( )(1) ( 1), ,..., , ,N
i i i iP c c i g l-r = r =

Equilibrium Eqs: 

EOS : 

T=const

N=2 : 1Tv =
( ) , ,i i P i g lr = r =

( ) ( ) ( ) , 1,...,k k
i ic c P k N= =



PVT-Simulation of H2-H2O

H2 in liquid (mol concentration) :

P=50 bar         0,0002 0.009

P=100 bar       0,001 0.018

Experimental dataSimulation

Problem !
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Modifying the PVT-model for H2-H2O = 

1° modifying the binary interaction parameters

2° introduction the pseudo individual parameters

43.6
1 10.8 /CT

T
=

+
20.2

1 21.9 /CP
T

=
+

[Gunn Chueh and Prausnitz]

3° calibration of solubility data

( )ija



By fitting experimental data.

Experimental data used :

Calibration of H2 solubility in H2O

DATA 1: H.A.  Pray, C.E. Schweickert, and B.H. Minnich. Solubility of Hydrogen, Oxigen, 
Nitrogen, and Helium in Water.  Industrial and Engeenering Chemistry, 1952, V 44, No5, 
1146-1151p.

DATA 2: R. Wiebe and V.L. Gaddy. The solubility of hydrogen in water et 0, 50, 75 and 100C 
from 25 to 1000 Atmospheres. 1934, V56, 76-79p.

DATA 3: R. Wiebe, V.L. Gaddy and Conrad Heins, Jr. Solubility of hydrogen in water at 25C 
from 25 to 1000 Atmospheres. 1932, V 24, No7, 823-825p.

DATA 4: T.J. Morrison and F. Billet.  The solubility of non-electrolytes. Part II. The effect of
variation in non-electrolyte. 1952, 3819-3822p.

DATA 5:  « Handbook of Chemistry and Physics" CRC Press, Inc., 2002.

DATA 6:  Russian literature: Lourier



Example of the experimental data used :

Calibration of H2 solubility in H2O

0,00E+00

5,00E-05

1,00E-04

1,50E-04

2,00E-04

2,50E-04

0 10 20 30 40 50 60 70 80 90

Série1

Série2

Série3

Serie1:  DATA 6
Serie2:  DATA 5
Serie3:  DATA 4

T

( 2)H
wC

g/100g



Calibration of H2 solubility in H2O

0
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0,014

0,016
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d 
P
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se

, %

Model Example 1

Model Example 2

Experimental DATA

Experimental DATA

Experimental DATA

Experimental DATA 

Correlated Model

Calibrated data

Traditional simulations

The true dissolution of H2 is 10 times higher than that simulated by 
traditional models



Calibrated PVT-Model for H2-H2O

Dissolution - Concentrations

Correlated Model
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Calibrated PVT-Model for H2-H2O

Phase densities

Correlated Model
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Calibrated PVT-Model for H2-H2O

Phase viscosities

Correlated Model
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Three models used: 

A: no miscibility; no capillarity analytical approach
B: miscibility; no capillarity analytical approach
C: miscibility and capillarity numerical approach   



Physical formulation

RADIOACTIVE WASTERADIOACTIVE WASTE

Hydrogen Production Water

POROUS MEDIUMPOROUS MEDIUM

Simutalion time : 
up to 100 years

Assumption: 
Viscosity and density are constant

x
0 1



Mathematical formulation

Boundary Conditions :

X=0: V=const
S=1

X=1: P=PB=const
S=0 (if capillarity is nonzero) 

Initial Conditions:
S=0
P=PB (if compressible)

( ) ( )
( ) ( )

( ) ( )
(1 )

0, 1,2
k k

w w g g k k
w w w g g g

c S c S
c V c V k

t x

¶ r - + r ¶
f + r + r = =

¶ ¶

, ,i i
i

i

Kk P
V i g w

x
¶

= - =
m ¶

Petrophysical closure relations:

3( )gk S S=2( ) (1 )wk S S= -

( )c cP P S=

Thermodynamic closure relations:

Calibrated PVT-model



Petrophysical closure relationships

Classic RP gas-water

3( )gk S S=

ANDRA‘s  RP gas-water

gas

gas

3( ) 1 (1 )gk S S= - - 3( )gk S S=

1 S- 1 S-

[ ]2

* *( ) (1 ) /(1 )wk S S S S= - - -
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( )
0, 0, 0

S F S
x t

t x
¶ ¶

+ = > >
¶ ¶

0

0

0,

0, 0
,

1, 0

0

t

x

x

S

t
S

t

S

=

=

=¥

=

=

= �

>�
=

Reduction to the Buckley-Leverett model

( )
( )

( ) ( )
g

g w

k S
F S

k S k S
=

+ m

S

Typical curve



Solution 1: 

S

S

x

F

fS

fS

ANDRA‘s  RP gas-water : 
a low mobile gas

t=0.65 (100 years)t=0.32t=0.1



Solution 2: 

SS

x

F

CLASSIC  RP  gas-water : 
a mobile gas

14

t=0.65 (100 years)

t=0.32

t=0.1



Comparing 2 cases

S

x

ANDRA’s RP (Slow gas)

CLASSIV RP (Fast gas)

14
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where

Canonical HT-split form of the flow model



Numerical scheme 

Explicit for saturation (Eq. 2), backward in space ( ~ hyperbolic )  

Implicit conservative scheme for pressure (Eq. 1)  (~ elliptic )   

(1)

(2)



Pressure

1000m

Pressure growth in the storage !



Water Saturation

Analytical with no mixing 

Numerical with mixing

Sw

x



Composition of the Gas phase

H2O in gas H2 in gas



Composition of the Liquid phase

H2O in liquid H2 in liquid



Influence of the miscibility

Miscible

Sw

x

Immiscible
zoom

The dissolution is present, but it does not change the phase density & viscosity



Influence of the miscibility + compressibility

Miscibility with � , � variable

Sw

x

Miscibility with � , � constant

Flow with miscibility

Even a low concentration of a very light component (H2) in water reduces water � , �
�

Flow velocity inceases
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System description

We examine a binary two-phase isothermic and almost 
isobaric system containing:

two-phase: 
w = liquid
g  = gas

two components in each phase: 

(1) = H2
(2) = H2O

T = const
P � const

Corollary:

(2)

,

,
g w

g w

const

const

m m »

r r »
(3)



Phase diagram

P=const

Water + G

Water

G

��P

Cw
(H2) Cg

(H2)

M

Various pointsM
inside the two-
phase region at 
P=const have 
different total 
composition C(H2)

and different gas 
saturation S, but 
have an invariable 
composition of 
water and gas 
phases defined by 
fixed points A and 
B

B A



Cg
(H2), Cw

(H2) = const

Conclusion: 
In a binary system at P,T=const the phase composition 
is invariable:

(4)



Mass balance

(1) (1) (1) (1)(1 )
0

g g w w g g g w w wc s c s c V c V

t x

� � � �¶ r + r - ¶ r + r� � � �f + =
¶ ¶

(2) (2) (2) (2)(1 )
0

g g w w g g g w w wc s c s c V c V

t x

� � � �¶ r + r - ¶ r + r� � � �f + =
¶ ¶

For each component

where the fractional flow F is introduced as:

, (1 )g wV VF V V F= = -

and V is the total Darcy velocity (V=Vg+Voil).

( )( ) ( )( ) ( ) (1 )(1 )
0, 1,2

k kk k
g g w wg g w w

V c F c Fc s c s
k

t x

� �¶ r + r -� �¶ r + r -� � � �f + = =
¶ ¶

(5)

(7)

(8)or

This system of two equations (8) can be reduced to a unique 
equation if we introduce the “volume concentrations”.

( )
( ) ,

( ) ( )
g g

g g w

k s
F s

k s k s

m
= m =

+ m m



Volume concentrations

( ) ( )
( ) ( )

( ) ( ),
k k

g gk k w w
g wk k

c c
c c

r r
º º

r r
� �

Let         be the density of component (k) in a pure state.
As P,T=const, this value is constant.  Dividing (8) by 
we obtain the “volume pseudo-concentrations” :

They are not the true concentrations, as

(10)

)(kr
)(kr

( )k
gc =�

volume of component (k) in a pure state
volume of gas

1~,1~
1

)(

1

)( ¹¹ ��
==

N

k

k
oil

N

k

k
g cc (11)



Amagat’s approximation

The volume of a solution is equal to the sum of the 
volumes occupied by each component in its pure 
state (approximately valid in some particular cases).

Then it follow from (11): 

( ) ( )

1 1

1, 1
N N

k k
g w

k k

c c
= =

= =� �� � (12)

For H2 – H2O at P=100 bar :

2
( )

1

2
( )

1

0.9964

0.9999

k
g

k

k
w

k

c

c

=

=

=

=

�

�

�

�



Reduction to a unique transport equation
in terms of a �������������	��
���������������	��
���������������	��
���������������	��
��

( )(1) (1)( ) (1) (1 )(1 )
0, 1,2

k
g wg w

V c F c Fc s c s
k

t x

� �¶ + -� �¶ + -� � � �f + = =
¶ ¶

� �� �

Through volume concentrations, Eqs. (8) take the form:

Eq. (14) takes the form (for k=1): 

(14)

The sum of these two equations yields:

�=
¶
¶

0
x
V

)(tVV = (15)

0
)(ˆ

=
¶

¶
+

¶
¶

x
CF

U
t
C

(16)

( ) (1)

(1) (1)

(1 )

ˆ (1 )

/

k
g w

g w

C c s c s

F c F c F

U V

º + -

º + -

º f

� �

� �

= the total concentrationof component 1

= the generalized fractional flow

= the true total flow velocity

(17)

(18)

(19)



The introduction of the total concentration 

instead of the saturation 

enables us to treat 
- single-phase states and 
- two-phase states 

in a common way. 

( ) (1)(1 )k
g wC c s c sº + -� �

S



Generalized fractional flow

*ws *
ws

C*C*

C
cw

(H2) cg
(H2)

)(ˆ CF

1

1

0

Two-phase zone

Undersaturated
water

Oversaturated 
gas

Initial fluid in the 
porous medium

Injected non-
equilibrium gas

Injected gas in 
equilibrium with the 
fluid in place



Displacement of water by an equilibrium gas :

0C

)(txf

fC

x

injC

A

0C

2fx

2fC

x

injC

B’B

D
E1fC

1fx

Displacement of water by a non-equilibrium (oversaturated) gas :



0C

2fx

2fC

x

injC

1fC

1fx

Structure of the solution

Mechanic shockVaporizing shock



P-C diagram for H2-H2O

P

2HC



Solution to the flow problem

miscibility

no miscibility
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Solution with capillary forces

S
(gas)

x
H2 easily penetrates into the medium similar to a diffusion process. 
The capillarity plays the role of diffusion. 



Experimental data :

WATER

H2

H2 does not penetrate
while 

*
g w cP P P- <

« entry capillary
pressure »

Theory :

H2 penetrates

cF
�



)(
cos2

SJ
K

Pc

f

qs
=

J

S

Gas-water



S S S
V S

x x x
¶ ¶ ¶ ¶� �f + = � 	¶t ¶ ¶ ¶
 �

( )cD

Classic theory

0

0

0,

0, 0
,

1, 0

0

t

x

x

S

t
S

t

S

=

=

=¥

=

=

= �

>�
= Flow

S
(gas)

x

cdP
S

dS
( ) ~ cD

Gas
should not
penetrate !



Expected flow modelClassic flow model

HyperbolicParabolic

without dissipationwith dissipation

capillary equilibrium another description to the capillarity
(probably non-equilibrium) 
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0
dS
dt

s º >
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« Entropy production »

/" +��,���������
����
���������
��� ��01��������	��� 
2

i i

i

dU TdS PdV dm= - + � m

1 i i

i

dS dU P dV dm
dt T dt T dt T dt

º = + - � m
s k k

k

X J= �s

3"���
�	�����	���
�����-��
������������������������ 	��� �����	�����
�����
���
���������������������,.and  k kX J

k ik k
i

J L X= � (1)(Onsager theory)

*"��  ���
�������
�	���  ��
�� ��.��,	���4���������� ����,,�����ikL

Eqs (1) provide needed closure relations for phenomenological 
balance equations 
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g w gw= + +s s s s

Entropy production of the interface

D ND
g w gw gw= + + +s s s s s

Entropy production of Non-Dissipative interfaces

Our approach: two kinds of interfaces exist: 
- D-interfaces (dissipative) :  bubbles, films,…
- ND- interfaces (non-dissipative): menisci



The ND-interface changes the physical properties of both the fluids which are In 
contact with it : they move at the same velocity, viscosity and density. 

So this interface creates a new third phase (called “the Meniscus Continuum ”).

Thus the ND-interface does not cause the production of the surface entropy, but it 
causes the production of the volumetric entropy related to the MC-continuum. 



Closed momentum balance for Meniscus Continuum

0

grad + , cM
M M M c c v

M c

P
P

K l
= - + =g

m
r h cV R R e

Capillary 
correction to 
Darcy’s law

Applying the non-equilibrium theory, it is possible to obtain the momentum balance 
equation for MC

Concentration 
of menisci

Capillary 
pressure at a 
single meniscus

Capillary vector





ClosedClosed modelmodel ofof
twotwo --phasephase flowflow
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Notations:

New relative permeabilities: 
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Asymptotic case when MC saturation is low. 
Thenkw andkg are close to the classical relative permeabilities, then:

F(S) = fractional flow

� (S) = capillary fractional 
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1D flow problem

( )
0, 0, 0

S G S
x t

t x
¶ ¶

+ = > >
¶ ¶

0

0

0,

0, 0
,

1, 0

0

t

x

x

S

t
S

t

S

=

=

=¥

=

=

= �

>�
=

( ) ( ) ( )G S Ca F S Sº × ± F



( )
0

( ) ( )
( )

S G S
t x

F S S
G S Ca

x x

¶ ¶
+ =

¶ ¶
¶ ¶F

º -
¶ ¶

conditons)(entropy 

conditonsstablity 

0 0
00

+

== == SS,S xt

Gas displaces water

0 S
*when Ca Ca£

No solutions
*or cP PD £

Dimensionless entry 
capillary pressureCa* =



Case H2 Case H2 –– H2OH2O



G(S) avec Ca=5
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Solution to the gas-water displacement problem 


