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Monotone Finite V olume Metho d: ideas

In tro duced in 2D:

C. Le P otier. Sc hema v olumes �nis monotone p our des

op erateurs de di�usion fortemen t anisotrop es sur des maillages

de triangle non structures. C.C.A cad. Sci. P aris, Ser. I 341,

pp.787-792, 2005.

Mo di�ed, also in 2D:

K. Lipnik o v, M. Shashk o v, D. Svy atski, Y u. V assilevski.

Monotone �nite v olume sc hemes for di�usion equations on

unstructured triangular and shap e-regular p olygonal meshes.

Journal of Computational Ph ysics, V ol.227, No.1, pp.492-512,

2007.
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Monotone Finite V olume Metho d in 3D

Mo del problem:

r � ~r = f;

~r = �Dr C ð 
 ; (1)

Cj � D = gD ; �D
@C
@~n

�
�
�
�
� N

= gN :

Conserv ation la w:

X

e2 @T

~re � ~ne =
Z

T

f dx 8T 2 "h;

Collo cation p oin t X T for tetrahedron T = ABCD :

~RX T =
~RA k~nakD + ~RB k~nbkD + ~RCk~nckD + ~RD k~ndkD

k~nakD + k~nbkD + k~nckD + k~ndkD
:
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Geometrical constructions for VFMON

O1

O2

O3

A

B

X+

X -

M

CX + ; CX � - indep enden t dimensions of freedom.

CO1; CO2; CO3 - expressed using CX : CO i =
4P

j =1
� i;j CX i;j .
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Nonlinear appro ximation of the �ux through a face

Linear com bination:

~re � ~ne = � e
1~r

+
1 � ~ne + � e

2~r
+
2 � ~ne + � e

3~r
+
3 � ~ne;

Apply the Green form ula:

Z

T

D � 1~rdx = �
Z

T

r Cdx = �
Z

@T

C~nds

=) V �
i D � 1

� ~r�
i =

1
3

�
~n�

i CM;i + ~n�
eiCX � + ~n�

ij COj + ~n�
ik COk

�
:

CM;i are eliminated using the �ux con tin uit y condition:

~r+
i ~ne = ~r�

i ~ne

� p. 5/22



De�nition of the co e�cien ts in the �ux appro ximation

Preserv e the appro ximation:

3X

j =1

� e
j = 1 :

T w o-p oin t stencil for the �ux through a face appro ximation:

~re � ~ne = K + (CX )CX + � K � (CX )CX � :

P arametric set of solutions:

� e
1(pe) = � e

1(0) + pe[CO1 (a31 � a21) + CO2 a32 � CO3 a23];

� e
2(pe) = � e

2(0) + pe[CO2 (a12 � a32) + CO3 a13 � CO1 a31];

� e
3(pe) = � e

3(0) + pe[CO3 (a23 � a13) + CO1 a21 � CO2 a12]:

If � e
i � 0; i 2 f 1; 2; 3g; CX � 0, then K + (CX ) > 0 and K � (CX ) > 0.
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Nonlinear system and its prop erties

The resulting system of VFMON:

A(CX )CX = F .

Prop erties of matrix A(CX ) (in case of non-negativ e

CX and � e
i ):

1. Sparse structure ( � 5 non-zero elemen ts in a ro w).

2. A ii (CX ) > 0, A ij (CX ) � 0 8i; j .

3. Strict diagonal dominance in columns.

AT (CX ) is an M-matrix ) ([(A(CX ))T ]� 1)ij � 0
) A(CX ) is a monotone matrix,

i.e. if A(CX )x � 0, then x � 0.
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Solving the nonlinear problem and the monotonicit y

Theorem

The resulting system of VFMON: A(CX )CX = F .

Picard metho d: A(Ck
X )Ck+1

X = F:

A(Ck
X ) is a monotone matrix pro vided Ck

X is non-negativ e.

Theorem. Let the righ t-hand side f in the stationary di�usion problem (1)

b e non-negativ e in 
 , the b oundary conditions gD (x) � 0 on � D and

gN (x) � 0 on � N , the initial guess (C0
X ) i � 0, and on ev ery Picard

iteration for an y in terior face e w e c ho ose � e
i � 0; i 2 f 1; 2; 3g. Then all the

iterativ e appro ximations of CX are non-negativ e,

(Ck
X ) i � 0; i = 1 ; : : : ; NT ; 8k � 0:

I. Kap yrin. A family of monotone metho ds for the n umerical solution of

three-dimensional di�usion problems on unstructured tetrahedral meshes.

Doklady Mathematics, 2007, V ol.76, No. 2, pp. 734-738.

� p. 8/22



Application to non-stationary problems

@C
@t

� r � Dr C = f; f � 0

Implicit sc heme

�
V
� t

+ A(Cn +1
X )

�
Cn +1

X =
V
� t

Cn
X + F n +1 ;

Picard metho d:

�
V
� t

+ A(Cn +1 ;k
X )

�
Cn +1 ;k +1

X =
V
� t

Cn
X + F n +1 ; k = 1 ; 2: : : ; Cn +1 ;0

X = Cn
X :

Corollary 1. If � e
i � 0 8e; i , then (Cn +1 ;k

X ) j � 0, j = 1 ; : : : ; NT , k = 1 ; 2: : :.
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Application to non-stationary problems

@C
@t

� r � Dr C = f; f � 0

Explicit sc heme

V
� t

Cn +1
X =

�
V
� t

� A(Cn
X )

�
Cn

X + F n +1 ;

Corollary 2. Non-negativit y of the solution Cn +1
X can b e ac hiev ed b y using

a su�cien tly small � t , ensuring (V=� t � A(Cn )) ii � 0 8i .
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A dv an tages and dra wbac ks of 3D VFMON

A dv an tages:

1. Lo cal conserv ativit y .

2. Non-negativit y of solution.

3. 2-nd order of accuracy for the concen trations and 1-st order for the

�uxes.

Dra wbac ks:

1. Con v ergence of Picard metho d can't b e guaran teed.

2. More exp ensiv e than the con v en tional metho ds (ab out 20%

slo w-do wn with resp ect to the HMFEM metho d).

3. Problems with Neumann b oundaries.
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The Andra 3D T est Case

Nonhomogeneit y � 1010

and anisotrop y � 102

in the p ermeabilit y

tensor.

Pinc h-outs.

Small thic kness of the la y ers compared to the diameter of the domain.

F ull heterogeneous ( � 105

) di�usion tensor.
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Computational grids

Completely unstructured grid. Grid based on

triangular prisms splitting.
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Computational grids

Grid based on splitting of hexahedrons and further lo cal re�nemen t.

The �nal mesh con tains 2.5 mlns of tetrahedrons (5

mlns of unkno wns in the linear systems)
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The results of h ydro dynamic load calculations
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Results of adv ectiv e �uxes calculation
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Results: isosurface C = 10� 14

T=10000 y ears T=50000 y ears
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Results: isosurface C = 10� 14

T=100000 y ears T=200000 y ears
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Results: isosurface C = 10� 14

T=300000 y ears T=350000 y ears
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Results: cross-section Z = 35

T=100000 y ears T=200000 y ears
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Results: p ollution on the Earth surface

Solution in the unco v ered la y ers (b oundary conditions corresp ond to

T = 350000 y ears): Tithonian (left) and Kimmeridgian not co v ered (righ t).
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