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Monotone Finite Volume Method: ideas

Introdu
ed in 2D:C. Le Potier. S
hema volumes �nis monotone pour desoperateurs de di�usion fortement anisotropes sur des maillagesde triangle non stru
tures. C.C.A
ad. S
i. Paris, Ser. I 341,pp.787-792, 2005. Modi�ed, also in 2D:K. Lipnikov, M. Shashkov, D. Svyatski, Yu. Vassilevski.Monotone �nite volume s
hemes for di�usion equations onunstru
tured triangular and shape-regular polygonal meshes.Journal of Computational Physi
s, Vol.227, No.1, pp.492-512,2007.
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Monotone Finite Volume Method in 3D

Model problem:
∇ · ~r = f,

~r = −D∇C ð Ω, (1)

C|ΓD
= gD, −D

∂C

∂~n

∣

∣

∣

∣

ΓN

= gN .

Conservation law:
∑

e∈∂T

~re · ~ne =

∫

T

f dx ∀T ∈ εh,

Collo
ation point XT for tetrahedron T = ABCD:

~RXT
=

~RA‖~na‖D + ~RB‖~nb‖D + ~RC‖~nc‖D + ~RD‖~nd‖D
‖~na‖D + ‖~nb‖D + ‖~nc‖D + ‖~nd‖D
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Geometri
al 
onstru
tions for VFMON

O1

O2

O3

A

B

X+

X−

M

CX+, CX−

- independent dimensions of freedom.

CO1, CO2, CO3 - expressed using CX : COi
=

4
∑

j=1

λi,jCXi,j
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Nonlinear approximation of the �ux through a fa
e

Linear 
ombination:
~re · ~ne = µe

1~r
+

1 · ~ne + µe
2~r

+

2 · ~ne + µe
3~r

+

3 · ~ne,Apply the Green formula:
∫

T

D−1~rdx = −

∫

T

∇Cdx = −

∫

∂T

C~nds

=⇒ V ±

i D−1

± ~r±i =
1

3

(

~n±

i CM,i + ~n±

eiCX± + ~n±

ijCOj
+ ~n±

ikCOk

)

.

CM,i are eliminated using the �ux 
ontinuity 
ondition:

~r+

i ~ne = ~r−i ~ne
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De�nition of the 
oe�
ients in the �ux approximation

Preserve the approximation:

3
∑

j=1

µe
j = 1.

Two-point sten
il for the �ux through a fa
e approximation:

~re · ~ne = K+(CX)CX+
− K

−
(CX)CX

−

.Parametri
 set of solutions:
µe

1(p
e) = µe

1(0) + pe[CO1
(a31 − a21) + CO2

a32 − CO3
a23],

µe
2(p

e) = µe
2(0) + pe[CO2

(a12 − a32) + CO3
a13 − CO1

a31],

µe
3(p

e) = µe
3(0) + pe[CO3

(a23 − a13) + CO1
a21 − CO2

a12].If µe
i ≥ 0, i ∈ {1, 2, 3}, CX ≥ 0, then K+(CX) > 0 and K

−
(CX) > 0. � p. 6/22



Nonlinear system and its properties

The resulting system of VFMON:
A(CX)CX = F .Properties of matrix A(CX) (in 
ase of non-negative

CX and µe
i ):1. Sparse stru
ture (≤ 5 non-zero elements in a row).2. Aii(CX) > 0, Aij(CX) ≤ 0 ∀i, j.3. Stri
t diagonal dominan
e in 
olumns.

AT (CX) is an M-matrix ⇒ ([(A(CX))T ]−1)ij ≥ 0
⇒ A(CX) is a monotone matrix,i.e. if A(CX)x ≥ 0, then x ≥ 0. � p. 7/22



Solving the nonlinear problem and the monotoni
ityTheorem
The resulting system of VFMON: A(CX)CX = F .Pi
ard method: A(Ck

X)Ck+1

X = F.

A(Ck
X) is a monotone matrix provided Ck

X is non-negative.Theorem. Let the right-hand side f in the stationary di�usion problem (1)be non-negative in Ω, the boundary 
onditions gD(x) ≥ 0 on ΓD and

gN (x) ≤ 0 on ΓN , the initial guess (C0
X)i ≥ 0, and on every Pi
arditeration for any interior fa
e e we 
hoose µe

i ≥ 0, i ∈ {1, 2, 3}. Then all theiterative approximations of CX are non-negative,
(Ck

X)i ≥ 0, i = 1, . . . , NT , ∀k ≥ 0.

I. Kapyrin. A family of monotone methods for the numeri
al solution ofthree-dimensional di�usion problems on unstru
tured tetrahedral meshes.Doklady Mathemati
s, 2007, Vol.76, No. 2, pp. 734-738. � p. 8/22



Appli
ation to non-stationary problems
∂C

∂t
−∇ · D∇C = f, f ≥ 0Impli
it s
heme

(

V

∆t
+ A(Cn+1

X )

)

Cn+1

X =
V

∆t
Cn

X + Fn+1,Pi
ard method:

(

V

∆t
+ A(Cn+1,k

X )

)

Cn+1,k+1

X =
V

∆t
Cn

X+Fn+1, k = 1, 2 . . . , Cn+1,0
X = Cn

X .

Corollary 1. If µe
i ≥ 0 ∀e, i, then (Cn+1,k

X )j ≥ 0, j = 1, . . . , NT , k = 1, 2 . . ..
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Appli
ation to non-stationary problems
∂C

∂t
−∇ · D∇C = f, f ≥ 0Expli
it s
heme

V

∆t
Cn+1

X =

(

V

∆t
− A(Cn

X)

)

Cn
X + Fn+1,

Corollary 2. Non-negativity of the solution Cn+1

X 
an be a
hieved by usinga su�
iently small ∆t, ensuring (V/∆t − A(Cn))ii ≥ 0 ∀i.
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Advantages and drawba
ks of 3D VFMON

Advantages:1. Lo
al 
onservativity.2. Non-negativity of solution.3. 2-nd order of a

ura
y for the 
on
entrations and 1-st order for the�uxes.Drawba
ks:1. Convergen
e of Pi
ard method 
an't be guaranteed.2. More expensive than the 
onventional methods (about 20%slow-down with respe
t to the HMFEM method).3. Problems with Neumann boundaries.
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The Andra 3D Test Case

Nonhomogeneity ∼ 1010 and anisotropy ∼ 102 in the permeabilitytensor.Pin
h-outs.Small thi
kness of the layers 
ompared to the diameter of the domain.Full heterogeneous (∼ 105) di�usion tensor.
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Computational grids

Completely unstru
tured grid. Grid based ontriangular prisms splitting.
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Computational grids

Grid based on splitting of hexahedrons and further lo
al re�nement.

The �nal mesh 
ontains 2.5 mlns of tetrahedrons (5mlns of unknowns in the linear systems) � p. 14/22



The results of hydrodynami
 load 
al
ulations
� p. 15/22



Results of adve
tive �uxes 
al
ulation
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Results: isosurfa
e C = 10−14

T=10000 years T=50000 years
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Results: isosurfa
e C = 10−14

T=100000 years T=200000 years
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Results: isosurfa
e C = 10−14

T=300000 years T=350000 years
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Results: 
ross-se
tion Z = 35

T=100000 years T=200000 years
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Results: pollution on the Earth surfa
e

Solution in the un
overed layers (boundary 
onditions 
orrespond to

T = 350000 years): Tithonian (left) and Kimmeridgian not 
overed (right).� p. 21/22
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