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Motiv ation

@� (c)
@t

� r � (Sr c) + r � (cv ) + F (c) = q

Proposition of a simple yet ef�cient scheme.

Convergence proof in the nonlinear case.

A posteriori error estimates in the linear case.

28.11.2005, Journées scienti�ques MoMaS, Luminy Estimations a posteriori pour des schémas combinés volumes �nis – éléments �nis – p.2/25
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Nonlinear convection–diffusion–reaction equation

Equation
@� (c)

@t
� r � (Sr c) + r � (cv) + F (c) = q (1)

c unknown concentration of a contaminant
� contains equilibrium adsorption reaction
t time
S diffusion–dispersion tensor
v velocity �eld
F chemical reactions
q sources and sinks

Dif�culties

nonlinear, degenerate parabolic problem

convection dominates over diffusion

inhomogeneous and anisotropic (nonconstant full-matrix) tensor S

unstructured (nonmatching) meshes
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0:5

1
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c

� (c) = c + cp , p 2 (0; 1)

� 0(0) = + 1

j� (a) � � (b)j � c� ja � bj
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Classical methods: �nite elements

Finite elements for degenerate parabolic problems

Barrett & Knabner (1997); @� (c)
@t � 4 c = q, a priori error estimates

Chen & Ewing (2001); @c
@t � 4 ' (c) + r � (� (c)v ) = 0, a priori error

estimates

A posteriori error estimates for �nite elements

Verfürth (1998); � "4 c + v � r c + �c = q, energy norm, optimal as
hlo c � "=jv j

Verfürth (2003); @c
@t � 4 c = q

Nochetto, Schmidt, & Verdi (1999); @� (c)
@t � 4 c = q

Finite elements and nonmatc hing grids

Bernardi, Maday, & Patera (1994): the mortar element method
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Classical methods: �nite volumes

Finite volumes for degenerate parabolic problems
Eymard, Gallouët, Herbin, & Michel (2002);
@c
@t � 4 ' (c) + r � (� (c)v ) = 0, cell-centered, convergence

A�f & Amaziane (2002); @c
@t � r � (Sr ' (c)) + r � (� (c)v ) = 0,

vertex-centered, convergence

A posteriori error estimates
Ohlberger (2001); @c

@t � "4 c + r � (� (c)v ) + �c = q,
vertex-centered, L 1-norm, independent of "
Nicaise (2004); �4 c = q, cell-centered

Finite volumes and nonmatc hing grids
Ewing, Lazarov, Lin, & Lin (2000); �4 c + r � (cv ) + �c = q,
vertex-centered, generalization of the mortar element method
Achdou, Japhet, Maday, & Nataf (2002); �4 c + r � (cv ) + �c = q,
cell-centered
Cautrès, Herbin, & Hubert (2004); �4 c + r � (cv ) + �c = q,
cell-centered, simple, stable, but nonconsistent
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Combined �nite volume–�nite element schemes

Combined FV–FE method

Feistauer, Felcman, Medvid'ová-Luká�cová, & Warnecke (1997,
1999); @c

@t � 4 c + r � (� (c)v ) = 0, convergence, error estimates

Debiez, Dervieux, Mer, Nkonga (1998); � "4 c + r � (cv ) = q
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Contin uous problem

Problem
Equation (1) in a polygonal domain 
 � Rd, d = 2; 3, on a time interval
(0; T), with initial and boundary conditions

c(x; 0) = c0(x) x 2 
 (2)

c(x ; t) = 0 x 2 @
 ; t 2 (0; T) (3)

Weak solution
Function c is a weak solution of the problem (1) – (3) if (F. Otto)

c 2 L 2(0; T; H 1
0 (
)) ; � (c) 2 L 1 (0; T; L 2(
)) ;

�
Z T

0

Z



� (c)' t dx dt �

Z



� (c0)' (�; 0) dx +

Z T

0

Z



Sr c � r ' dx dt �

�
Z T

0

Z



cv � r ' dx dt +

Z T

0

Z



F (c)' dx dt =

Z T

0

Z



q' dx dt

for all ' 2 L 2(0; T; H 1
0 (
)) with ' t 2 L 1 (QT ); ' (�; T) = 0:
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Combined �nite volume–�nite element scheme

@� (c)
@t

� r � (Sr c) + r � (cv ) + F (c) = q

�

�

�

�

�

�

�

�

�

�

�

�

�

�
�




Th

Dh

VE

VD

E

D
bD;E

VF

� D;E

� E;F

Find cn
D , D 2 Dh , n 2 f 0; 1; : : : ; N g:

� (cn
D ) � � (cn � 1

D )
4 tn

jD j �
X

VE 2M (VD )

Sn
D ;E (cn

E � cn
D )

+
X

� D ;E 2F D

vn
D ;E cn

D ;E + F (cn
D ) jD j = qn

D jD j
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FV:
j� D ;E j
jbD ;E j

Cautrès et al,
nonconsistent
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consistent,
S matrix possible
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FE: �
X

K 2T h

(Sn r ' E ; r ' D )0;K

Sn (x) = S(x; tn )
arithmetic average

Sn jK =
� R

K [S(x ;t n )] � 1dx
jK j

�� 1

harmonic average
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Local Péclet upstream weighting

Flux through a “side” � D ;E :

vn
D ;E :=

1
4 tn

Z t n

t n � 1

Z

� D ;E

v (x ; t) � nD ;E d
 (x) dt

1-D:
cE

cD

D E

v

(1 � � )cD + � cE

� = 0: full upstream weighting
� = 0:5: centered weighting

Local Péclet upstream weighting:

if vn
D ;E � 0 cn

D ;E := (1 � � n
D ;E )cn

D + � n
D ;E cn

E

if vn
D ;E < 0 cn

D ;E := (1 � � n
D ;E )cn

E + � n
D ;E cn

D

;

� n
D ;E :=

max
n

min
n

Sn
D ;E ; 1

2 jvn
D ;E j

o
; 0

o

jvn
D ;E j

; vn
D ;E 6= 0
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Discrete proper ties of the scheme

Existence of the discrete solution

Brouwer topological degree

Uniqueness of the discrete solution

proof based on monotonicity-type arguments

Local conser vativity

scheme written on control volumes

Discrete maxim um principle

under assumption Sn
D ;E � 0 for all D 2 Dh , VE 2 M (VD ),

0 � cn
D � M

satis�ed e.g. when S = I d and when Th is Delaunay in two space
dimensions
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< > - +

Discrete proper ties of the scheme

Existence of the discrete solution

Brouwer topological degree

Uniqueness of the discrete solution

proof based on monotonicity-type arguments

Local conser vativity

scheme written on control volumes

Discrete maxim um principle

under assumption Sn
D ;E � 0 for all D 2 Dh , VE 2 M (VD ),

0 � cn
D � M

satis�ed e.g. when S = I d and when Th is Delaunay in two space
dimensions

28.11.2005, Journées scienti�ques MoMaS, Luminy Estimations a posteriori pour des schémas combinés volumes �nis – éléments �nis – p.11/25
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A priori estimates

@� (c)
@t

� r � (Sr c) + r � (cv ) + F (c) = qA priori estimates

c� max
n 2f 1;2;::: ;N g

X

D 2D h

(cn
D )2jD j � Cae

max
n 2f 1;2;::: ;N g

X

D 2D h

[� (cn
D )]2jD j � Cae

cS

NX

n =1

4 tn kr cn
h k2


 � Cae

L 1 (0; T; L 2(
))

L 2(0; T; H 1
0 (
))

Approximate solutions: ~ch;� piecewise constant on Dh and in time,
ch;� piecewise linear continuous on Th and in time

kch;� � ~ch;� kQT � ! 0 as h; � ! 0
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Time and space translate estimates

Lemma (Time translate estimate) There exists a constant Ctt > 0,
such that for all � 2 (0; T),

Z T � �

0

Z




�
~ch;� (x ; t + � ) � ~ch;� (x ; t)

� 2
dx dt � Ctt (� + � ) :

Lemma (Space translate estimate) There exists a constant Cst > 0,
such that for all � 2 Rd, with ~ch;� (x ; t) := 0 for x =2 
 ,

Z T

0

Z




�
~ch;� (x + � ; t) � ~ch;� (x ; t)

� 2
dx dt � Cst (j� j(j� j + h) + h) :

Proof: using the L 2(0; T; H 1
0 (
)) a priori estimate.
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Z T � �

0

Z




�
~ch;� (x ; t + � ) � ~ch;� (x ; t)

� 2
dx dt � Ctt (� + � ) :

Proof idea:

=
Z T � �

0

X

D 2D h

jD j
�

cn 1 ( t )
D � cn 2 ( t )

D

� 2
dt

�
1
c�

Z T � �

0

X

D 2D h

jD j
�

cn 1 ( t )
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�
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� �
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Lemma (Space translate estimate) There exists a constant Cst > 0,
such that for all � 2 Rd, with ~ch;� (x ; t) := 0 for x =2 
 ,

Z T

0

Z




�
~ch;� (x + � ; t) � ~ch;� (x ; t)

� 2
dx dt � Cst (j� j(j� j + h) + h) :

Proof: using the L 2(0; T; H 1
0 (
)) a priori estimate.
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Convergence

Theorem (Strong convergence in L 2(QT )) Subsequences of ~ch;�

and ch;� converge strongly in L 2(QT ) to some function
c 2 L 2(0; T; H 1

0 (
)) .

Kolmogorov compactness theorem: a priori estimates and time

and space translate estimates imply ~ch;� , ch;�
L 2 (QT )

! c

space translate estimate: c 2 L 2(0; T; H 1
0 (
))

Theorem (Convergence to a weak solution) The function c is a weak
solution of the continuous problem.

strong convergence: passage to the limit in nonlinearities
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A posteriori error estimates

@(� c)
@t

� r � (Sr c) + r � (cv ) + �� c � qout c = qin cs

hB(c); ' i 
 :=
Z




�
@(� c)

@t
+ r � (cv ) + (�� � qout )c

�
' dx +

Z



Sr c� r ' dx

hB(c); ' i 
 =
Z



qin cs' dx for a.e. t 2 (0; T) ; for all ' 2 H 1

0 (
)

@(� c)
@t

� r � (Sr c) + r � (cv ) + �� c � qout c = qin cs

hB(c); ' i 
 :=
Z




�
@(� c)

@t
+ r � (cv ) + (�� � qout )c

�
' dx +

Z



Sr c� r ' dx

hB(c); ' i 
 =
Z



qin cs' dx for a.e. t 2 (0; T) ; for all ' 2 H 1

0 (
)

Energy-type a priori estimate

1
2

Z



� r [(c � ch;� )( �; t)]2 dx dt +

Z t

0
9 c � ch;� 9 2


 dt

�
Z t

0
hB(c � ch;� ); c � ch;� i 
 dt +

1
2

Z



� s[(c � ch;� )( �; 0)]2 dx

9 ' 9 2

 :=

Z



cSjr ' j2 dx +

Z




~� ' 2 dx ; ~� :=
1
2

(qin � qout ) + �� r
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< > - +

A posteriori error estimates

@(� c)
@t

� r � (Sr c) + r � (cv ) + �� c � qout c = qin cs

hB(c); ' i 
 :=
Z




�
@(� c)

@t
+ r � (cv ) + (�� � qout )c

�
' dx +

Z



Sr c� r ' dx

hB(c); ' i 
 =
Z



qin cs' dx for a.e. t 2 (0; T) ; for all ' 2 H 1

0 (
)

Energy-type a priori estimate

1
2

Z



� r [(c � ch;� )( �; t)]2 dx dt +

Z t

0
9 c � ch;� 9 2


 dt

�
Z t

0
hB(c � ch;� ); c � ch;� i 
 dt +

1
2

Z



� s[(c � ch;� )( �; 0)]2 dx

9 ' 9 2

 :=

Z



cSjr ' j2 dx +

Z




~� ' 2 dx ; ~� :=
1
2

(qin � qout ) + �� r

28.11.2005, Journées scienti�ques MoMaS, Luminy Estimations a posteriori pour des schémas combinés volumes �nis – éléments �nis – p.15/25
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A posteriori error estimates

We estimate
Z t

0
hB(c � ch;� ); c � ch;� i 
 dt

�
Z t

0
sup

' 2 H 1
0 (
) ;9 ' 9 
 =1

hB(c � ch;� ); ' i 
 9 c � ch;� 9 
 dt

�
� Z t

0

�
sup

' 2 H 1
0 (
) ;9 ' 9 
 =1

hB(c � ch;� ); ' i 


� 2
dt
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� Z t
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9 c � ch;� 9 2
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�
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�
sup

' 2 H 1
0 (
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� 2
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9 c � ch;� 9 2
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 � hB(ch;� ); ' i 
 =
Z



qin cs' dx �

Z
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' dx

�
Z
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Z



r � (ch;� v )' dx �

Z



(�� � qout )ch;� ' dx
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A posteriori error estimates

Spatial residual

hRh (ch;� ); ' i 


=
X

D 2D h

�
�

� n cn
h � � n � 1cn � 1

h

4 tn
� r � (cn

h v n ) � � n � n cn
h + qn

out cn
h + qn

in cn
s ; ' D

�

D

�
X

K 2T h

(Sn r cn
h ; r ' h )K

+
X

D 2D h

�
�

� n cn
h � � n � 1cn � 1

h

4 tn
� r � (cn

h v n ) � (� n � n� qn
out )cn

h + qn
in cn

s ; ' � ' D

�

D

�
X

K 2T h

�
Sn r cn

h ; r (' � ' h )
�

K ;

where ' D :=
R

D ' dx=jD j (pw constant on Dh ) and ' h (VD ) := ' D (pw
linear on Th )

= 0 + h.o.t. from the de�nition of the scheme
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< > - +

A posteriori error estimates

Theorem (A posteriori error estimate) There holds

k
p

� r (c� ch;� )k2
L 1 (0;t k ;L 2 (
) ) + k

p
cS(c� ch;� )k2

L 2 (0;t k ;H 1
0 (
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~� (c� ch;� )k2
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�
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4 tn (� n
sp)2 +
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3
(� n
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L 2 (
) ;

where

(� n
sp)2 =

X
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min
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D 2D h
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j� D ;E j








2

L 2 ( � D ;E )
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(� n
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X

D 2D h

C2
S
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h � cn � 1
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L 2 (D )+
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D 2D h
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A posteriori error estimates

The derived estimate:

nonmatching meshes

directly computable—all constants evaluated

optimal as the local Péclet number � 1

the ef�ciency only depends on the local variations in S
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Example: locall y re�ned square grids

Problem: �nite volumes on nonmatching grids
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Example: locall y re�ned square grids

Problem: �nite volumes on nonmatching grids

�

�

nonconsistent approximation of gradients at the re�nements

how to work with full diffusion tensors ?
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Example: locall y re�ned square grids

Problem: �nite volumes on nonmatching grids

�

�

�

�
�
�

�
�

� �
�
�

�

�

�

�

�

�

Th

Dh

nonconsistent approximation of gradients at the re�nements

how to work with full diffusion tensors ?

Solution: combined scheme
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Model problem with kno wn solution

Errors on unre�ned (left) and locally re�ned (right) grids
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Contaminant transpor t sim ulation

Piezometric head
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Contaminant transpor t sim ulation

Darcy velocity
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< > - +

Contaminant transpor t sim ulation

Concentration
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Conc lusions and future work

Conc lusions

simple, stable, and consistent scheme for nonmatching grids

treatment of degenerate parabolic problems with dominating
convection term and full diffusion–dispersion tensor

convergence in the nonlinear case

a posteriori error estimates in the linear case

Future work

a posteriori error estimates in the nonlinear case
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