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Proposition of a simple yet ef cient scheme.
Convergence proof in the nonlinear case.

A posteriori error estimates in the linear case.

KBedH
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Outline

Convection—diffusion—reaction equation

Classical numerical schemes

A combined nite volume- nite element scheme

Convergence in the nonlinear case

A posteriori error estimates in the linear case

Numerical experiments

Conclusions and future work
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Nonlinear convection—diffusion—reaction equation

Equation
@ (c)
@

C unknown concentration of a contaminant
contains equilibrium adsorption reaction
time

diffusion—dispersion tensor

velocity eld

chemical reactions

sources and sinks

r (Src)+r (cv)+ F(c)=g (1)

o mnm< un -~
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Nonlinear convection—diffusion—reaction equation

Equation
@ (c)
@

C unknown concentration of a contaminant
contains equilibrium adsorption reaction ,
time

diffusion—dispersion tensor
velocity eld

chemical reactions
sources and sinks

r (Src)+r (cv)+ F(c)=g (1)

15F

(c=c+cPp2(0;1)

o mnm< un -~

. . 00) = +1
Dif culties 0:5

nonlinear, degenerate parabolic problem (@ (b cja b

convection dominates over diffusion 09 05 1 ¢
Inhomogeneous and anisotropic (nonconstant full-matrix) tensor S

unstructured (nonmatching) meshes
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Classical methods: nite elements

Finite elements for degenerate parabolic problems

Barrett & Knabner (1997); @@f,c) 4 c = @, a priori error estimates

Chen & Ewing (2001); % 4'(¢c)+r ( (cv) = 0, apriori error
estimates

A posteriori error estimates for nite elements

Verfarth (1998); "4c+ v r c+ c = q, energy nhorm, optimal as
N "SJV]

Verfiirth (2003); & 4c=q

Nochetto, Schmidt, & Verdi (1999); €32 4 c= g

Finite elements and nonmatc hing grids

Bernardi, Maday, & Patera (1994). the mortar element method
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Classical methods: nite volumes

Finite volumes for degenerate parabolic problems

Eymard, Gallouét, Herbin, & Michel (2002);
% 4' (c)+r ( (cv) = 0O, cell-centered, convergence
Af & Amaziane (2002); & r (Sr' (9)+r ( (9v) =0,

vertex-centered, convergence

A posteriori error estimates
Ohlberger (2001); & "4c+r ( (9v)+ c = q,

vertex-centered, L 1-norm, independent of "
Nicaise (2004); 4 c= q, cell-centered

Finite volumes and nonmatc hing grids
Ewing, Lazarov, Lin, & Lin (2000); 4 c+r (cv)+ c = q,

vertex-centered, generalization of the mortar element method
Achdou, Japhet, Maday, & Nataf (2002); 4 c+r (cv)+ c = q,
cell-centered

Cautres, Herbin, & Hubert (2004); 4 c+r (cv)+ ¢ = q,
cell-centered, simple, stable, but nonconsistent
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Combined nite volume—nite element schemes

Combined FV-FE method

Feistauer, Felcman, Medvid'ova-Lukacova, & Warnecke (1997,
1999); % 4c+r ( (cov) = 0, convergence, error estimates

Debiez, Dervieux, Mer, Nkonga (1998); "4c+r (cv)= ¢
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Contin uous problem

Problem
Equation (1) in a polygonal domain RY, d = 2;3, on atime interval
(0; T), with initial and boundary conditions
c(x;0) = co(x) X 2 (2)
c(x;t)=0 X2@ ;t2(0;T) (3)
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Contin uous problem

Problem
Equation (1) in a polygonal domain RY, d = 2;3, on a time interval
(0; T), with initial and boundary conditions
c(x;0) = co(x) X 2 (2)
c(x;t)=0 X2@ ;t2(0;T) (3)

Weak solution
Function c is a weak solution of the problem (1) — (3) if (F. Otto)

Cc2 L2(0;T;HG()) 5 (©2L*(0;T;L2()) ;
1”7 Z 7 o 7
(0)' { dx dt (Co)' (;0)dx + Srcr' dxdt

0 0
Z.Z Z.Z Z.Z

cv r ' dxdt+ F(c)' dxdt= g dxdt
0 0 0

forall' 2 L2(0;T;H3()) with' {2 L' (Qr);' (;T)=0:
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Combined nite volume- nite element scheme

@ (c)

r (Src)+r (cv)+ F(c)=g¢

1
1
- 1
1 1
1 1
1 1
1 1
P \
1 e ‘\\ \ 1
i M S k i
1 ~~ e N \ 1
S
1 U S~ao ,<\ o \ 1
1 U ~o ’, ~ \ 1
~ 7’ ~ ~
[ ~< . N N A 1
7 Sso” ~ ~ \
1 hd ~ ]
’ ~ \
1 S 1
’ o BN S i
k\ ‘e S IR 1
~ -
N ~ven S 1
\ , ~< “ ’ 1
\ , S~ N ’ 1
\ / S~ N 7 1
S~ S ’
\ U ~<_ M 1
\ ’ S/ 1
AY U k4 1
\ / N 1
\ ’ \
\ ’ \ 0
\ / \ 1
\ / \ 1
\ ’ \ 1
\ ’ \ 1
\ ’ \ 1
\ ’ A 1
N \
N7 \ !
Woooooooocooooooooocooocooooooa Socoooooooocooscooad !

28.11.2005, Journées scienti ques MoMas, Luminy Estimations a posteriori pour des schémas combinés volumes nis — éléments nis —p.9/25



Combined

nite volume— nite element scheme
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Combined nite volume— nite element scheme
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Combined nite volume— nite element scheme

C
@ (¢ r (Src)+r (cv)+ F(c)=g¢
V A
----------__--_: __________ Dn i
FV: !bD;EJ. Cautrés et al,
| IPDEJ honconsistent
() (M) ... X
JDJ SB E (CE CB)
4 1,
VE2M (Vp)
X n _ on Ny MG A e
* Voie e T F(Cp) D] = gp |D]
D E 2F D
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Combined nite volume— nite element scheme
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Combined nite volume— nite element scheme

C
@ (0 r (Src)+r (cv)+ F(c)=g¢
N/ S(x) = S(Xitn)
S\ . arithmetic averag
3 T Sk =
N i R 1 1
[S(xita)] dx
: o\ K]
"""""""""""" X harmonic average
FE: (S"r " g;r ' p)ok
K 2T,
() (@Y. X
= jDj Se(CE )
n
Ve 2M (Vp)
X n — Y n N 5 n = =
i Voe Co.e + F(cp) D)= gp D]
pE 2F p

e
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Local Péclet upstream weighting

Flux through a “side” p.g:

Vv

(X;t) np.ed (x)dt
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Local Péclet upstream weighting

Flux through a “side” p.g:

1 n
Vh g = v(x;t) nped (x)dt
| 4 th th 1 D E |
Co \; (1 Joo+ ce
v N = 0: full upstream weighting
Ce | - . _ :
i : = 0:5: centered weighting
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Local Péclet upstream weighting

Flux through a “side” p.g:

L 2y, Z
Vh g = v(x;t) nped (x)dt
| 4ty th 1 D E |
Cp — (I )oo+ ce
1-D: — > - _ _
v N = 0: full upstream weighting
Ce | - . _ :
' : = 0:5: centered weighting

I n n " — n n n n
T vpe O e = (I pEe)p +* peC
I n n r— n n n n ’
T vpe <0 e = (@ pE)E * De®
n n O O
max min S{.c;2jvh.ej ;0
n De— ' ' 3 n
D;E -~ v , VDiE 60
] D;EJ
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Discrete properties of the scheme

Existence of the discrete solution

Brouwer topological degree
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Discrete properties of the scheme

Existence of the discrete solution
Brouwer topological degree
Uniqueness of the discrete solution

proof based on monotonicity-type arguments
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Discrete properties of the scheme

Existence of the discrete solution

Brouwer topological degree
Uniqueness of the discrete solution

proof based on monotonicity-type arguments
Local conser vativity

scheme written on control volumes

28.11.2005, Journées scienti ques MoMas, Luminy Estimations a posteriori pour des schémas combinés volumes nis — éléments nis —p.11/25



Discrete properties of the scheme

Existence of the discrete solution
Brouwer topological degree
Uniqueness of the discrete solution
proof based on monotonicity-type arguments
Local conser vativity
scheme written on control volumes
Discrete maxim um principle

under assumption S§.¢  OforallD 2 Dp, VE 2 M (W),
0 g M

satis ed e.g. when S = | d and when Ty, i1s Delaunay in two space
dimensions
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A priori estimates

@ (c)
A priori estimates @ r (Sro)+r (cv)+ F(c)=g
1 (0T 2 02D c
L= (O T;L5()) ¢ gpze?f;NgDZDh(cD)J J ae
o {f‘g?f;NgDZD [ (cp)]“ID] ae
h
& 2
LZ(O,T,H&()) Cs 4 t,kr Cﬂk Cac
n=1
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A priori estimates

@ ()
A priori estimates @ r (Srco)+r (cv)+ F(c) = q
1 (- T-1 2 .
L @TiL2() ¢ Tz"?‘:?f;NgDZDh(cD)J i Ca
n 2.D.
n 2f H]z??:(;NgDZD [ (cp)I7JD] Cae
h
X
LZ(O;T;H(%()) Cs 4 tokr K2 Coe

n=1

Pw linear conforming approximation Pw constant approximation
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A priori estimates

@ (c)
A priori estimates @ r (Srco)+r (cv)+ F(c) = q
1 (-T2 2D
L= (O T;L5()) ¢ Epz?:(;NgDZDh(cD)J J Coc
n 2.D.
n 2f WZ??:(;NQDZD [ (cp)I7JD] Cae
h
A 2
L5(0: T Ha()) s 4takr ck Co
n=1

Approximate solutions: €,. piecewise constant on Dy, and in time,
Ch. piecewise linear continuous on Ty and in time

KC. € ko, !' O as h; ! O
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Time and space translate estimates

Lemma (Time translate estimate) There exists a constant Ci > 0,
such that forall 2 (0;T),

Z. Z

& OGt+ ) & (x;t) “dxdt Cy( + ):
0

28.11.2005, Journées scienti ques MoMas, Luminy Estimations a posteriori pour des schémas combinés volumes nis — éléments nis —p.13/25



Time and space translate estimates

Lemma (Time translate estimate) There exists a constant Ci > 0,
such that forall 2 (0;T),

Z. Z
& (Gt+ ) e () “dxdt Cu( + )
0
Proof idea;
Z 1 X
2
— JDJ Cr[l)l(t) Cr[‘)z(t) dt
0 D2D
Z
1T X
C_ iDj Cr[l)l(t) ng(t) Cr[l)l(t) Cr[l)z(t) dt
0 D2D

... using the schemes and the a priori estimates.
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Time and space translate estimates

Lemma (Time translate estimate) There exists a constant Ci > 0,
such that forall 2 (0;T),

Z. Z

& OGt+ ) & (x;t) “dxdt Cy( + ):
0

Lemma (Space translate estimate) There exists a constant Cg > O,
such that for all 2 RY, with e, (x;t) := Oforx 2

Z.Z

& (X+ i) & (x;t) “dxdt  Ce(j jG j+ h)+ h):
0
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Time and space translate estimates

Lemma (Time translate estimate) There exists a constant Ci > 0,
such that forall 2 (0;T),

Z. Z

& OGt+ ) & (x;t) “dxdt Cy( + ):
0

Lemma (Space translate estimate) There exists a constant Cg > O,
such that for all 2 RY, with e, (x;t) := Oforx 2
Z+Z
2 - e
€, (X+ ;1) e (x;t) “dxdt  Cs(j j(j j+ h)+ h):
0

Proof: using the L?(0; T;H}()) a priori estimate.

28.11.2005, Journées scienti ques MoMas, Luminy Estimations a posteriori pour des schémas combinés volumes nis — éléments nis —p.13/25



Convergence

Theorem (Strong convergence in L?(Q7)) Subsequences of &,
and c,. converge strongly in L?(Q+) to some function
c2 L%(0;T;HS()) .
Kolmogorov compactness theorem: a priori estimates and time
2
and space translate estimates imply €. , Ch. ST ¢

space translate estimate: ¢ 2 L2(0; T; HE())
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Convergence

Theorem (Strong convergence in L?(Q7)) Subsequences of &,
and c,. converge strongly in L?(Q+) to some function
c2 L%(0;T;HS()) .
Kolmogorov compactness theorem: a priori estimates and time
2
and space translate estimates imply €. , Ch. ST ¢

space translate estimate: ¢ 2 L2(0; T; HE())

Theorem (Convergence to a weak solution) The function cis a weak
solution of the continuous problem.

strong convergence: passage to the limit in nonlinearities
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A posteriori error estimates

r (Src+r (cv)+ C QoutC= QnGCs

@ o ‘
+r (cv)+ ( Qut)C ' dx+  Srcr' dx

GnCs' dx  forae.t2 (0;T); forall' 2 Hg()
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A posteriori error estimates

@Y\ (srg+r (W)+ € Guc= G

@
i i
hB(Q):' | = @@C)+r (v)+(  qu)c ' dx+ Srcr' dx
i
hB(c);'i = onG' dx fora.e.t2 (0;T);forall' 2 H3()

Energy-type a priori estimate

2 Z,
5 (e cn )(;D)]%dx dt+ : 9c ¢, 97 dt
Z 2
: hB(C Cn );C Cn i dt+ 5 s[(c ¢ )(;0)]?dx
Z
9' 9% ;= cgjr 'jédx+ T %dx; 7= %(qn Qout) + ¢
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A posteriori error estimates

\é/e estimate
t

hB(c ¢, );c cy 1 dt
OZt

sup hB(c ¢y );'1 9¢c ¢ 9 dt
0 '2H}() ;9'9 =1

Z 2 3 Z 3
sup hB(c cn );'i  dt 9c cn 9° dt
0 '2HX() ;9'9 =1 0
1Zt 2 1Zt
- sup hB(c ¢, );'i dt+ = 9c ¢ 9° dt
2 0 '2HI) 9'9 =1 2 o
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A posteriori error estimates

28.11.2005, Journées scienti ques MoMas, Luminy

\é/e estimate
t
hB(c ¢, );c cy 1 dt
oZt
sup hB(c ¢y );'1 9¢c ¢ 9 dt
0 '2HE() ;9'9 =1
Z 2 L Ly z
sup hB(c cn );'i  dt 9c cn 9° dt
0 '2H}() ;9'9 =1 0
1Zt 2 1Zt
- sup hB(c ¢, );'i dt+ = 9c ¢ 9° dt
2 0 '2HI) 9'9 =1 2 o
We have
Z Z @ o )
= hB(C):'i hBCy );'i =  GnGCs' dX @?; ' dx
Z Z Z
Srcy r'odx r (cp. v)' dx ( Qout )Ch: '~ dX
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A posteriori error estimates

Spatial residual
th (Ch; );' I

X n AN
Ch

n 1-n 1
Ch

D 2D 41,

x n n
(S'r cy;r ' n)k
K 2T,

X

n AN
C
o h

n 1AN
Ch

r

1

D2D 4t

X
S"rc;r ('
K 2T
where ' p =
linear on Ty)

"h)

(chv™)

r (cov")

- ' dx=jDj (pw constant on Dy) and ' 1 (Vp) :=

N nAn n An n AN.tu
Ch+q0utCh+QnCs’ D

(7" Gu)eh * GnCss’

p (pw
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A posteriori error estimates

Spatial residual
hRnh(Ch. );" | = 0+ h.o.t. from the de nition of the scheme
X nCﬂ n 1CE 1
- CGV) " Gt Bt gh o
4 1, D
D 2D
X
(S"r cqir ')k
K 2T q,
X nCﬂ n 1CE 1
N ¥ r(v?) (" GG GnCsit T o
n D
D 2D
X
S'reyir T h) s
K 2T
where ' p := ' dx5Dj (pw constanton Dp)and ' h(Vp) := ' p (pw
linear on Ty)

28.11.2005, Journées scienti ques MoMas, Luminy

Estimations a posteriori pour des schémas combinés volumes nis — éléments nis —p.17/25



A posteriori error estimates

Theorem (A posteriori error estimate) There holds
(c on K O:ty L2())+lPCS(C Ch; )kLZ(Ot Hg())+k ~(C Ch; )kLZ(th)
X ny2 X 4ty n \2 P — :
4 th( sp) + T( tm) + K s(c cn )(; OyLZ() :
n=1 n=1
where
X 1 "NTh 1°
(5)° = Cp—min p—;= K[S"r ¢ n]kLz()
Cs Cs —
2E 1,
X . nh2 20 nCn n 1Cn 1 2
+" min ;2 E S CI RGN P IR -,
D2D |, < " ®
X "h 19 VD 2
+ cmn — - V' n e: SRS
- Cs — JDEJ L2( b )
D E h
3;1nd2 X Cé X ] J n 1
( tm) = c kr (Ch )kLZ(D) c + 2 kCh Ch kLZ(D)
DD, O D2D, O
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A posteriori error estimates

The derived estimate:

nonmatching meshes
directly computable—all constants evaluated
optimal as the local Péclet number 1

the ef ciency only depends on the local variations in S
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Example: locally re ned square grids

Problem: nite volumes on nonmatching grids
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Example: locally re ned square grids

Problem: nite volumes on nonmatching grids

T~

nonconsistent approximation of gradients at the re nements

how to work with full diffusion tensors ?
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Example: locally re ned square grids

Problem: nite volumes on nonmatching grids

pacas

Vi m

nonconsistent approximation of gradients at the re nements

how to work with full diffusion tensors ?

Solution: combined scheme

KBedH
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Model problem with known solution

Concentration
error

0.035
0.032
0.028

10.025

10.021

10.018

10.014

10.011

0.007
0.0035
0

Errors on unre ned (left) and locally re ned (right) grids
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Contaminant transpor t simulation

Piezometric
head [m]
140

1304

1389 H

11383 H

11378 H

1373 §

1367

11362 H

1356 H

1351

1345 §

Piezometric head
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Contaminant transpor t simulation

e | | CH I (A O (O A I

a;;,//‘tlm Pl v ] | ¢

II!S!‘!/L\\‘ T:’r;,
IHREAARMHE NEHNEODEEE
| 1ll‘l'l\tihib Pl 2] =1 o[ | -
IR RS EEEERE
‘ﬁsiixh-g\w\&aﬁﬂf’ﬂ-’ﬂqq
O R I e
e e & [ Al R s [ s e sl B = = =] = ]
O [ I VO I I ) IO [ I [ I e N I O B
vl vl s a ]l | v s w] =] x| =] = =] = =| = =] =
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Darcy velocity

KBedH
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Contaminant transpor t simulation

Concentration
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Conclusions and future work

Conclusions

simple, stable, and consistent scheme for nonmatching grids

treatment of degenerate parabolic problems with dominating
convection term and full diffusion—dispersion tensor

convergence in the nonlinear case

a posteriori error estimates in the linear case

< >- +
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Conclusions and future work

Conclusions

simple, stable, and consistent scheme for nonmatching grids

treatment of degenerate parabolic problems with dominating
convection term and full diffusion—dispersion tensor

convergence in the nonlinear case

a posteriori error estimates in the linear case

Future work

a posteriori error estimates in the nonlinear case

< >- +
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