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Model advection-di�usionproblem

@C
@t

� r � Dr C + ~b� r C = f in 
 � (0; T);

C = gD (x; t) on � D � (0; T);
@C
@~n

= gN (x; t) on � N � (0; T);
�

Dr C � ~bC
�

� ~n = gM (x; t) on � M � (0; T);

C = g0(x) at t = 0:

div~b= 0
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Requiredfeatures

1. Geometrical�exibilit y (unstructured
tetrahedralgrids).

2. Massconservation (�ux continuity).

3. Front resolution(DFEM).

4. Stability with respect to grid Peclet (�upwind�).

5. High order accuracyin time and space(2nd

order).

6. Feasiblerestrictionsto time step(CFL).

7. Fast computationof time step(� n, // ).

Fractional time steppingschemeby J.Ja�re
(INRIA)

� P.Ackerer,H.Hoteit,...(Couplextest case)
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Finite element spaces

C =
X

E2"h

4X

i=1

CE;i vE i ; vE i 2 P1(E) � DF EM

~r =
X

E2"h

4X

i=1

rE i ~wEi ; ~wEi 2 RT0(E)

E - tetrahedron.
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Temporal discretization:substepI

I :
Z

E

Cn+ 1
2 � Cn

� t=2
m +

Z

E

�
3
2

div~r n �
1
2

div~r n� 1
�

m�

�
Z

E

~bCn � r m +
Z

@E

~bCn
in � ~nm =

=
Z

E

f nm 8m 2 Vh (E) ; 8E 2 "h:

Elementwise) cheapand //
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Temporal discretization:substepII

I I :
Z

E

C� � Cn

� t
m +

Z

E

�
div~r n + div~r n+1

2

�
m�

�
Z

E

~bCn+ 1
2 � r m +

Z

@E

~bCn+ 1
2 in or out � ~nm =

=
Z

E

f n+ 1
2 m 8m 2 Vh (E) ; 8E 2 "h;

Z




D � 1
�

~r n + ~r n+1

2

�
~w �

Z




�
Cn + C�

2

�
div ~w = 0

8~w 2 Wh: Global system with weired matrix ) further splitting
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Temporal discretization:substepIII

II I. Slope limiter C? � ! Cn+1 .

Minimization of functional:

J (Cn+1
E;1 ; : : : ; Cn+1

E;4 ) =
nnP

i=1
kCn+1

E;i � C?
E;i k

2

with constraints: Cn+1
E = Cn+1

E;? � conservingmass

min(i ) � Ci;n +1
E � max(i ) � avoiding

over/undershoots

min(i )=max(i ) : min =max value of C?
E on all

tetrahedra,containing vertex i .
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Decompositionof FE space

Splitting

Vh (E) = V 0 (E) � ~V 1 (E)

) I I = I I a + I I b
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SubstepIIa

I I a:
Z

E

�C� � �Cn

� t
v +

Z

E

�
div~r n + div~r n+1

2

�
v+

+
Z

@E

~bCn+1=2
in or out � ~nv =

Z

E

f n+ 1
2 v 8v 2 V 0 (E) ;

Z




D � 1
�

~r n + ~r n+1

2

�
~w �

Z




� �Cn + �C�

2

�
div ~w = 0

8~w 2 Wh:

StandardMFEM system

Hybridization, Condensation) SPD matrix of size number

of faces.
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SubstepIIb

I I b:
Z

E

~C� � ~Cn

� t
~v �

Z

E

~bCn+1=2 � r ~v+

+
Z

@E

~bCn+1=2
in or out � ~n~v =

Z

E

f n+ 1
2 ~v

8~v 2 ~V 1 (E) ; 8E 2 "h:

Elementwise) cheapand //
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Propertiesof the scheme
Advantages:
p

Implicit di�usion treatment.
p

Stability condition - CFL(� � h).
p

Formal order of accuracyO(h2 + � 2).
p

Sharpfront resolutionprovided by DFEM.
p

Oneglobalsystemper time step,A = AT > 0.

Disadvantages:
p

Conditional stability.
p

Special treatment at Dirichlet boundaries.
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Moving spot, operatorsplitting scheme

T=0 T=0.4

~b = (1; 0; 0); D = 10� 7I
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Moving spot, Impicit MFEM scheme
with upwinding

T=0 T=0.4
~b = (1; 0; 0); D = 10� 7I

! High numerical di�usion
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Grid for �3D� Couplex1
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Resultsof Couplex1simulation

T=10500 yearsp
nonmonotone

p
high numerical di�usion( 129� 65� 5 points)
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Resultsof Couplex1simulation

T=50500 years
//: up to 1.65mlnunknowns, ! jj r 18jj � 10� 20; T4

T16
= 3:2
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Unstructuredtetrahedralvs
Hexahedralmeshes

Disadvantages:
p

Matrix size:
Nf aces ' 11Nnodes vs Nf aces ' 3Nnodes

N Zper r ow = 7 vs N Zper r ow = 11
) N Ztetr ' 2:3N Zhexp

Superconvergence:uns.tetr. �-� hexahedral�+�

Advantages:
p

Flexibilit y to geometries.
p

Automated local meshre�nement (conformal),
anisotropicadaptivity.

p
Dynamic meshre�nement/coarsening
(hierarchial meshes). � p.17/21



Markededgebisectionalgorithm

Step1 Step2 Step3

� p.18/21



3D Dynamicmesh:Advancingfront

T=10

T=20
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Dynamicmeshes:Advancingfront

Nf aces � 250000 Nf aces = 800000
Front capturing-? The coarsestpossible
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Newtest case
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