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In many processes arising in chemical engineering
It is important to study the diffusion of a solute trans-
ported by a fluid flowing through a porous medium.
In addition, there are reactions or adsorption occur-
ring at the solid/fluid interfaces.

Examples are chromatographic systems, heteroge-
neous reactors from chemical and catalytic reaction
engineering, the use of surfactants in tertiary oil re-
covery processes, environmental problems ....

These systems are analyzed in terms of dispersion
equations for momentum, energy and mass trans-
fer in continua. In fact averaging of the physical first
principles should give us the dispersion coefficients
(=effective coefficients). Nevertheless, there are dif-
ficulties:

Even the simplest models contain the transport terms
of the form ¢ - Ve. Since both the velocity and the
concentration gradient are oscillatory, in general the
average of the product is different from the product
of the averages.



Par example, in Taylor’s dispersion the velocity field
contributes, after averaging, to the effective diffu-
sion and one obtains Taylor's mechanical disper-
sion term. Presence of the chemical reactions com-
plicates additionally determination of the effective
coefficients since they can depend on the reaction
term or on the adsorption isotherm in a complicated
way. It is fairly complicated to determine this depen-
dance using just laboratory experiments

In order to start with a simple situation, we consider
a porous medium comprised of a bundle of capillary
tubes. The disadvantage is that a bundle of capil-
lary tubes represents a geometrically oversimplified
model of a porous medium. Nevertheless, there is
considerable insight to be gained from such analy-
Sis.

We start with a toy problem:



We study the diffusion of the solute particles trans-
ported by the Poiseuille velocity profile in a semi-
Infinite 2D channel. Solute particles are participants
In a first-order chemical reaction with the boundary
of the channel. They don’t interact between them.
The simplest example, borrowed from *[Mau:91], is
described by the following model for the solute con-
centration c*
oc* oc*
»

ot* +g(z)8x

—D*A:C*,ZC* =0 In R_I_X(—H, H),

(1)
where ¢(z) = Q*(1 — (z/H)?) and Q* (veloc-
ity ) and D* (molecular diffusion ) are positive con-
stants. At the lateral boundaries z = +H the first-
order chemical reaction with the solute particles is
modeled through the following boundary condition :

D*0,c* + k*c* =0 ongz=4H, (2)
where k* is the surface reactivity coefficient

This case is the mathematical equivalent of an ir-
reversible, first order, heterogeneous chemical
reaction with equilibrium being maintained be-
tween the fluid and adsorbed species

*[Mau:91] R. Mauri, Dispersion, convection and reaction in
porous media , Phys. Fluids A (1991), p. 743-755.



The natural way of analyzing this problem is to in-
troduce the appropriate scales.

They would come from the characteristic concentra-
tion ¢, the characteristic length L g, the characteris-

tic velocity Q) p, the characteristic diffusivity D and
the characterlstlc time T,.. The characteristic length
L p coincides in fact with the ” observation distance”.

Problem Involves the following time scales:

- o . Lgr

T, = characteristic longitudinal time scale = —

QR

H2

Tr = characteristic transversal time scale = o

R
. . . . H
Tr = superficial chemical reaction time scale = -
R

and the following characteristic non-dimensional num-
bers

Pe Lfi)—iR (Peclet's number)

Lk

Da HD (Damkohler’'s number)



Further we set e = % << 1 and choose T, = T7.
Solving the full problem for arbitrary values of coef-
ficients is costly and practically impossible. Conse-
guently, one would like to find the effective (or
averaged) values of the dispersion coefficient
and the transport velocity and an effective cor-
responding 1D parabolic equation for the effec-
tive concentration

In *[Tay:53] Taylor obtained an explicit effective ex-
pression for the enhanced diffusion coefficient and
it is called in literature Taylor’s dispersion formula.

We choose Q = 8—; = O(1), and

Tr _ HQr
17, Dp
Then the situation from Taylor’s article corresponds
to the case when o« = 1, I.e. Peclet’s number is

e = O(e°~%) = £° Pe.

1 .
equal to — and k£ = O (no chemistry).
S

*[Tay:53] G.I. Taylor, Dispersion of soluble matter in solvent
flowing slowly through a tube , Proc. Royal Soc. A, Vol. 219
(1953), p. 186-203.



Our eqguations in their non-dimensional form are

oc
a —I— Q( — y2>— — Dgaaxgjc + Dga Qayyc
in ]R_|_ x (0,1) x (0,T) (3)
c(:z:,y,O) =1, (xay) S B—|— X (07 1)7 (4)
1
-2
—De® " 0ycly=1 = _D52Peayc|y 1=
Da
kOP—C|y ) = koe®tHel,—1 (5)

Oyc(x,0,t) =0, (z,t) € Ry x (0,T) (6)
and ¢(0,y,t) =0, (y,t) € (0,1) x (0,T), (7)

where it was used that c is antisymmetric in y and
Damkohler number was set to kge®. Our domain
is now the infinite strip Z1T = Ry x (0,1). We
study the behavior of the solution to (3) -(7), with
square integrable gradient in x and y, when ¢ —
0. Clearly, the most interesting case is | = —«

and |0 < o < 2jand we restrict our considerations
to this situation.




Effective problem with Taylor’s dispersion coefficient:

( 2
atCTay + %axCTay =e(D + %%)&cwcjjayo
in Ry x (0,T), c"¥,—g=1,
. CTay|t:O = 0, aﬂ?CTay € LQ(B+ X (OaT))a
(8)

7\

What is known concerning derivation of (8) ?

¢ Formal derivation using the method of moments
see * [Aris:56].

¢ " Near rigorous ” derivation using the centre man-
ifold theory, see T [MerRob:90] : The initial value
problem is studied and the Fourier transform with
respect to x is applied. The resulting PDE is written
in the form @« = Au+ F(u), withu = (k,¢) . Then
the centre manifold theory is applied to obtain ef-
fective equations at various orders. Since the cor-
responding centre manifold isn’t finite dimensional,
the results aren’t rigorous.

“[Aris:56] R. Aris: On the dispersion of a solute in a fluid flow-

ing through a tube, Proc. Roy. Soc. London Sect A., 235
(1956), pp. 67-77.

T[MerRob:QO] G.N. Mercer, A.J. Roberts, A centre manifold
description of contaminant dispersion in channels with vary-
ing flow profiles , SIAM J. Appl. Math. , Vol. 50 (1990), p.
1547-1565.



¢ When the chemistry is added (e.g. having an ir-
reversible, 1st order, chemical reaction with equilib-
rium at y = 1, as we have), then there is a pa-
per * [PCW:83]. They noted that the equation for
the difference between the physical and averaged
concentrations is not closed, since it contains a dis-
persive source term a% < g,C >. Then they mul-
tiplied the equation for ¢ by g, and got an equation
for < g,c >. Nevertheless, a dispersive transport
term a% < q%z > and clearly the procedure enters
the same difficulty as the method of moments: there

IS an infinite system of equations.

Paine et al used the "single-point” closure schemes
of turbulence modeling by Launder to obtain a closed
model for the averaged concentration.

*IPCW:83] M.A. Paine, R.G. Carbonell, S. Whitaker, Disper-
sion in pulsed systems — |, Heterogeneous reaction and re-
versible adsorption in capillary tubes, Chemical Engineering
Science, Vol. 38 (1983), p. 1781-1793.



Our technique is motivated by the paper * [RuMa:86],
where the analysis is based on the hierarchy of time
scales. In our knowledge the only rigorous result
concerning the effective dispersion, in the presence
of high Peclet's numbers (and no chemistry), is in
the recent paper T [BoJuPi:03]. Nevertheless, their
approach is based on the regular solutions for com-
patible data for the underlying linear transport equa-
tion. This compatibility isn’t acceptable for the reac-
tive transport.

For the bounds on convection enhanced diffusion
we refer to papers by Fannjiang, Papanicolaou, Zhikov,
Kozlov, Piatnitskii . . ..

In collaboration with C.J. van Duijn and |. S. Pop
(Eindhoven), we obtained several mathematically
rigorous results on Taylor’s dispersion, with and with-
out chemical reactions and I'll present one of them.

*[RuMa:86] J. Rubinstein, R. Mauri, Dispersion and convec-
tion in porous media , SIAM J. Appl. Math. , Vol. 46 (1986),
p. 1018 - 1023.

f[BoJuPi:03] A. Bourgeat, M. Jurak, A.L. Piatnitski, Averag-
ing a transport equation with small diffusion and oscillating
velocity , Math. Meth. Appl. Sci., Vol. 26 (2003), pp. 95-117.
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A simple L2 error estimate

The simplest way to average the problem (3) 7) is
to take the mean value with respectto y. Let cO =<
ct >= fo c® dy. Supposing that the mean of the
product is the product of the means, which is in gen-
eral wrong, we get the following problem for the ”
averaged " concentration cof / (z,t) :

eff 82 e/

( 9cel T 2Q Ocq :
8—015 —|‘ 3? —|— k‘oceff = %D N

\ Ry x (0,T), axcoff e L2(JR+ X (0 T))
cg /=0 = 1,

|:c o = 0.

\

(9)
Let the operator £¢ be given by

LE¢ = C—|—Q(1 yz)——Da <axxc+5_2899<>

(10)
We want to approximate c* by cgf 7. Then
1
L2y = —koct! T + Qonce!/ G-v)=F
£ — /My =—R° in zT x (0,T)and (11)

— D28, (|y=1 — 5/ T) = kocfly=1 on Ry x (0,T)
(12)

11



Let W(z) = 1/(z + 1). Then (8, W2)2/Ww? <
42, We have the following proposition, which will
be useful in getting the estimates :

Proposition 1 Let ¢° € H} (Z7T x (O T)) and
50 S LlOC(Z+) Leté € C([O T L2 (ZT1)), Vay€ €
L2(ZT x (0,T)) satisfies the system

L£5(8) = —Rf in ZT x (0,T) (13)
—De*29y€| =1 = kokly=1+ ¢°,=1 (14
Oyély=0 =0 on IRy x (0,T) (15)
fli=o=¢ on Z7T (16)
{le=0o=00n (0,1) x (0, T). (17)

Then we have the following energy estimate
_1 2,2
£t == [, W(@)%2(t) dady+
D t _
=/, w(az>2{e 2|ay¢| + 1%2} dedydr
+ kg /t/ €2],—1W2(2) dedr < —/t/ W (z)2.
0 /Ry YT — JoJz+
¢
R°¢ dadydr — / / o ly=18ly=1W2(z) dzdr+
0 /IR,

t
2De /O /Z L V(@)% dadydr.  (18)

12



Let O = (0,7) x ZT1. After estimating R in
L?((0,T) x Ry; (H'(0,1) N L3(0,1))’, we get

Proposition 2 In the setting of this section we have

1(e* = c§ DV oo rin20z+y) <17 /2\/5
(19)
e aFO
102(c” — Coff)WHL?((o,T)xZﬂ <e'” - (20)

18y (c” —Co )W||L2((o TYxZ+) = g2 D’ (21)

T _ —
er\J;Hangf 12200,y = 1§ I3 10uc T2 = cemo/4

= Cf||3x08ff||L2(oT) + ko < CFem/*

(22)
Hence in fact
e = 6 pooco .12 (ry x(0,1y) < CF 3
(23)

NOT BRILLANT AS APPROXIMATION. FOR o >
4/3 1T DOESN'T GIVE CONVERGENCE

13



IS THERE A BETTER APPROXIMATION ?

Paine et al propose the following effective model

( atcpai + Q(% _|_A1)axcpai _I_CQCPa’i — K*&ExcPai,
in Ry x (0,T), 0z¢""% € L?(IRy x (0,T))
CPCLZ|$:O = 0, CPazlt:O =1,

7\

\

(24)
where A1 depends on the zeroth order moments of
cP’at and qcP’* and K* depends on the zero, first
and second order moments of the same guantities
and Peclet's number.

This Is a non-local problem, hence difficult solve.
Even worse: it was derived using an ad hoc closure
assumption.

We did a different derivation of the effective model.
The model we got is the following:

14



Mau_|_Q(2 j5kOD 2— a)& CMau_|_

in Ry x (0,T), cMau|,_q =0,

cMav), _q =1, 0,cM% ¢ L2(IRy x (0,T)).
(EFF)

For kg = 0 and o = 1 this is exactly Taylor’s dis-

persion model.

\

Our result could be restated in dimensional form:

Theorem 1 Let us suppose that

Lg > max{Dp/Qpr, QrH*/Dp, H}.
Then the upscaled dimensional approximation for
(1) reads

oc*eff 2 4 oc*eff k*
32D * ~(1—
g T (3 T 15 aT)Q o T H <ff
1 3 O2c*e€
- *eff — 2
3DaT>c € (1 -+ 45P6T) a( *)2 )
(25)

* .
where Per = QDE IS the transversal Peclet’s num-

ber and Dap — k' H H IS the transversal Damkohler’s

number (=Sh, the Sherwood number).
15
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Why our model is better than other models from
the literature?

For simplicity, we compare only the physical con-
centration ¢¢ with ¢9%, Throughout the talk H (z)
IS Heaviside’s function.

Theorem 2 Let ¢cMe¥ pe given by (EFF). Then we
have Vé > 0O

052—304/2’ a<1,
Ce3/2-a=0 o e [1,2).
(26)

||t3 (Ca — CMau) HLQ(O’T;Llloc(Z-I_)) < Ce?™ ™ (27)
I = M) o 2 < O/ - )

+e3/2739/%H (a - 1)) (28)

1200l 200,17 70y < O/~ )

+e3/2739/%H (a - 1)) (29)

1£3(c* = M) | o0y < {

16



3 € Mau
I &c(c —C )HLQ(O,T;LZQOC(Z"‘)) <
0(52—70‘/4H(1 — ) 43275 A (o — 1))
(30)

Corollary Inthe conditions of Taylor’s article, o« = 1
and kg = 0, we have

1£3(c® — M) || o0,y < Ce/270, 5 > 0,
(31)

||t3 (Cg - CMau) HLQ(O’T;Llloc(Z—'_)) <Ce (32)

We note that the solution ¢ % to the problem (EFF)
IS not close to the solution cgff to the problem (9),
as the simulations on the figures show:

17



Error (%)

L2 * LM error for the averaged problems
alpha=1.5, Q=4, D=1, k0=10, T=1

640
600 7
560 7
520 7
480 7
440
400
360 77
320 7

280 7

Relative error between ¢*Mau and ¢*Beo

240
1073

10n-2

101

eps

Fig. Difference between the solution to our model

and cgf f
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L2 * L2 error for the averaged problems
Err()r (%) alpha=1.5, Q:4, D:l, kO:lO, T=1

700

Relative error between ¢*Mau and ¢*Beo

600 7|

500 77

400

300 7

200 T T T T T |
103 1082 101 epg

Fig. Difference between the solution to our model
and cgff



L7inf * LAinf error for the averaged problems
Error (%) alpha=1.5, Q=4, D=1, k0=10, T=1

210

Relative error between ¢*Mau and ¢*Beo

190 7

170 7

150 7

130 7

110 7

90 T T T T T |
1073 1072 1001 €pS

Fig. Difference between the solution to our model
and cgff



First Correction and Error estimate

The estimate (23) isn't satisfactory. In order to get
a better approximation we could try the correction
constructed using the formal 2-scale expansion. Un-
fortunately it leads to a hyperbolic equation for ¢°
and, except under high compatibility, ¢ is not smooth
and it is very difficult to use it for expansions. We
proceed by following an idea from [RuMa:86] and
suppose that

AP +2Q0:c% /3+koc® = O(e)  in (0,400)x(0,T).
(33)
Then we get the problem (48).

Let 0 < o < 2. We start by the @(£2) approxima-
tion and consider the function

5T (i e) = Mg, 1 2) + 270 (t)(g y6

4 Mau 2

Y 7 € dc ko 1 y Mau . )
_ _ - =z t’

5 180 7)o Tl ) @he)

19



where ¢Mav js the solution to the effective prob-
lem with Taylor’s dispersion coefficient and reaction
terms:

( Mau_|_Q< _|_450 2 04)8 CMau_I_

in Ry x (0,T), 0,cM% e L2(IRy x (0,T))
CMau|$:o — O, CMau|t=O — 1’

\

(35)
D = De® + 45:% Q% 2-a 5 the Taylor’s dispersion
coefficient. The cut-off in time ( is given by

t\r ~
T> for0 <t < D,

=15

1 otherwise,

(36)

and we use to eliminate the time-like boundary layer
appearing at t = 0. These effects are not visible in
the formal expansion.

B°(z,y) = B(%Z,y) is the boundary layer function.

20
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NEXT it should be noted that the second term in
c5°" is of order e2-5/4 H (1 —a)+e3(2~)/4 H (a—
1)in L2. |

CONVERGENCE RESULT:

Theorem: Let ¢Mav pe given by (8). Then we have

||t3(C€ — Cﬁor ‘|LOO(O,T;L2(R_|_><(O,1)) <
C(€3_9a/4H(1 —a) + 83(1_a/2)/2H(04 - 1))
(37)
[0y (c* — ¢§°") l22¢0,7;22(R 4 x (0,1)) =
Cel-a/2 (63—904/4H(1 — o) +30-/2)/2 g _ 1))
(38)
1620 (¢* = 17 ) 20,722 (R % (0,1)) <
Ca—a/2(€3—9a/4H(1 —a)+ 83(1_a/2)/2[—](a — 1)>
(39)

21



Theorem 3 We have

1£2(c* — 5" (a, t; 6))||Loo(o T:L2 (Ryx(0,1)) =
(40)
||t58y(c€ _ CCOT(Q;' t €)>||L2(O,T;LZQOC(R+X<O,1)) S
Cel—a/2 (54—1304/41_[(1 — o) +30-a/2)/2 g _ 1))
(41)
||t58g;(c€ — CCOT(QZ‘ t, €)>HL2(OT L2 (R4 x(0, 1)) —

Cs—a/2(€4 130/4 17 (1 — q) + 53(1 @/2)/2 (o — 1))
(42)

If we give up the energy norm, then even better es-
timates are possible:

Theorem 4 We have

1£° (c‘“’“ — 17 (z,te) — COT) Ir2(0,7; LL (Ryx(0,1)) =
C(e*3*H(1 - a) + &2 “H(a - 1)) (43)

16°(¢F = 57" (@, ti€) — 5 )l 201 L2 (Ryx(0,1)) =
0(54—30411(1 —a) + e “H(a - 1)) (44)

22



Next we prove the corresponding L% (L°°)-estimate.
Using the technique of Nash and Moser we have

Theorem 5
[£°(cf — 5 (x, t;€) — 3" MlLoe((0,17) x (R4 x(0,1)) <
C(6) <€4—7a/2—5H(1 — Q)
+e3/272 0 H (0~ 1)), ¥6 > 0. (45)

Remark From the proof we see that C'(§) has an
exponential growth when 6 — O.

PERSPECTIVES:

e Getting the effective equation for more compli-
cated chemistry

e Generalization to realistic porous media

e Advantages of the homogenization approach over
direct simulations of stiff anisotropic multidimen-
sional convection/diffusion are obvious

23



The formal 2-scale expansion leading to Taylor’s
dispersion

The estimate obtained in the previous section isn'’t
satisfactory. At the other hand, it is known that the
Taylor dispersion model gives a very good 1D ap-
proximation. With this motivation we briefly explain
how to obtain formally the higher precision effective
models and notably the variant of Taylor’s dispersion
formula, by the 2-scale asymptotic expansion.

We start with the problem (3)-(7) and search for ¢*
In the form

& =cO(x,te) +ect(z,y,t) + 2 (x,y, t) + ...
(46)
After introducing (33) into the equation (3) we get

60{8tco + Q(1 — y?) 0z — Dso‘_layycl}—l—
6{87561 + Q(1 — y?)0gct — De® 19400 —

Dsa—layyCQ} — O(?) (47)

24



In order to have (34) for every 0 < ¢ < ¢q, all coef-
ficients in front of the powers of € should be zero.

The problem corresponding to the order €9 is

( —Dﬁyycl = —el72Q(1/3 — y2)0,cP—
sl—a(atco + 2@833(30/3) on (0,1),
8ycl|y:O =0, —D8y01|y:1 = kel 0.

(48)
for every (z,t) € (0,4o0) x (0,T). By Fredholm’s
alternative, the problem (35) has a solution if and
only if

7\

\

Oc® +2Q8,c®/3+koc® =0 in (0,L)x(0,T).

(49)
Unfortunately our initial and boundary data are in-
compatible and the hyperbolic equation (36) has a
discontinuous solution. Since the asymptotic expan-
sion for ¢¢ involves derivatives of ¢9, the equation
(36) doesn’t suit our needs. In [BoJuPi:03] the dif-
ficulty was overcome by supposing compatible ini-
tial and boundary data. We proceed by following an
iIdea from [RuMa:86] and suppose that

AP +2Q0:c% /3+koc® = O(e)  in (0,400)x(0,T).
(50)
25



The hypothesis (??) will be justified a posteriori, af-
ter getting an equation for ¢°. Hence (35) reduces
to
—DOyyct = —e172Q(1/3 — y2) 0P+
{ el=kqc% on (0,1),
5’ycl|yzo = 0, —D(’?ycl\yzl = koel—c0,

(51)
for every (z,t) € (0,40o0) x (0,T"), and
1 _ 11—« Q y2 _ y4 0
Aoy, t) = (S - )0+
ko, 1 92 0
5(6 — E)C + Co(z, t))a (52)

where Cj Is an arbitrary function.

Let us go to the next order. Then we have

( —Dc‘?yycz = —el_o‘Q(l — yz)&gcl + DOyl —

on (0,1), dyc?|,—o =0 and
\ _D8y02|y=1 — kOgl_aclly=1

(53)
for every (z,t) € (0,4o0) x (0,T). The problem
(40) has a solution if and only if

26
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0,0 + QanCO/:% + ko(co + ecl|y:1)—

1 1
Deltes, . ( /O cdy) + ey ( /O ¢ dy) — DOy +

Qe@m(/ol(l —y?el dy) =0 in (0,400) x (0, 7).

(54)

(41) is the equation for ¢© . In order to get the sim-
plest possible equation for ¢© we choose C{j giving
J& el dy = 0. Now ¢! takes the form

2 .4

1 1-a(® ¥ Y 7 ko, 1 y

t) = —
oy t)=e (D(6 157180 T 563

(55)
and the equation (41) becomes
2 4k
0 0 2—« 0
8tC +Q(§+45—D€ )c%gc —I—ko(l—

3D
(56)

with

N 8 Q% 5(1-a)
D—D—I—945D5 (57)

27
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Now the problem (40) becomes

7

2 2
—DOyyc? = —e2-209 amco{—9§5 + (1 — ) (%
Y 7 22 0Qk 2
12 7 180)} — €7 0gc TO{ — 45T

2 2k _ _o k3
) (1_y2)(%_%)}+ 450382 20483360_62 2a ™0 0
4
_ Yy

3D¢€

2
_52—2a(y6 %2 _ 1%0)(811:7500% _ gaanwaO)
6

) (0P80 — c2k8,5¢0) on (0,1),
Oyc> =0o0n y=0 and — Ddyc’® =
%82—204(%60 2 k(% 2—2a.,.0

{ D 45 — 3D°¢ c-on y=1.
(58)
If we choose ¢? such that [§ ¢2 dy = 0, then
2
> oo Q2. o/ 281 23
) 7t — T —a ( a o~ T
ey, t) =e { D2%“"\ 453600 | 1512"
37

31 7 4 6 L 6 4
( yz_l_y Y )_|_Q0860(y Y

7560 360 72 360 D2 *7 \go 18
1192 11 ko - o ko oy P
_ (2P 50 M ag _
T80 810> >p27t¢ T opt 9T )(12 6
7

2
+ (900~ o)) o0
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