A HOMOGENIZED MODEL OF AN UNDERGROUND NUCLEAR WASTE
REPOSITORY INCLUDING THE POSSIBLY DAMAGED ZONE
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Figure 1: A part of a waste disposal unit, with 5 rows of containers and shafts

The Geometry

The whole domain: Q =0, L[> x] — L/2,L/2[C R?
Middle surface (on which the repositories are located) : 3 =|0, L[*x{0}

Notations: = = (r1,29,23) , o' = (v1,22) , Yy =x;fe , 1=2,3.

Figure 2: Cell of periodicity Y containing a shaft-damaged cylinder § =] — 1/2,1/2[ x C and a containers P
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The unit cell Y on figure ?? consists of three parts:

e The shaft-damaged cylinder S =] — 1/2,1/2] x C with basis C
e The containers P
e The rest of the cell Y

By the change of variable y = /¢ we shrink the unit cell Y to the actual size e and we denote by
Yo(i,5) = € ((4,5,0) +Y)

the (i, j)-th e-cell.
Inside these e-cell:

e P.(i,j) =€ ((i,7,0) + P) = the containers set
o S.(i,j) =€ ((4,7,0) + S) = the shaft-damaged part

Repeating Y. periodically over the surface >, we obtain the whole repository area and we denote :

P. = U e ((i,7,0) + P) the union of all containers sets
irj=1

S. = U e ((i,7,0)+S) the union of all shaft-damaged cylinders
1

1

J=
C. = U e ((i,j) +C) the union of all shaft-damaged cylinders sections.

3,0=1

The exterior boundary S = 0f) is divided in three parts:

F.=8.N{zxy =L} the front of the shaft-damaged cylinders (1)
B.=S8.N{x; =0} the back of the shaft-damaged cylinders (2)
R.=S8\(F.UB.) the rest of the exterior boundary of Q) . (3)

The equations

fe € C([0,T] x ) - the function describing the sources (it has a compact support in time
[0,,,] C]O,T[ and in space P- .)

A= 10%2 > 0, with 7 being the half life of the radioactive element.
o € L>®(Q) - the initial concentration of the radioactive material in the soil.

The convection velocity v¢ = (v§,v5,v5) is larger in the shaft than in the host rock.
Thus we suppose that it has the form

vi(z) in the clay Q\S.

V() =
e P vi(a' z9/e,23/c) in the shaft S.



We suppose for simplicity of this presentation that the convection velocity in shafts is unidirec-

tional, i.e. that v¢ = v¥(xy, 2o/c,13/€) € .
The effective diffusion/dispersion tensor:

A =dI+|vf|a® E(VY) ,

with ..
i Uj
vel?

(%

[E(v)ly =

and
. a™ in the host rock Q\S.

@ = { a? in the shaft S. ’

We assume that
d({L‘) > do >0
Thus
A"(z) in the host rock Q\S.
Af(r) =
d(x) T+ &P A(xq,25/c,23/) in the shaft S.

Due to our assumption that the convection in shafts goes only in the direction of the shaft, matrix

A? now has the form:

Ad(l"z,yz,?/?,) = |Ud|(9327y2,?/3) (e1®e)

Finally the porosity w® is also larger in the shaft then in the host rock but the discrepancy is not

so large as for the permeability

. [ w" in the host rock Q\S.
“ T\ w? in the shaft S.

The problem:

Op. . .
: a‘i — div(ATVp.) + (V- V)pe + A . = f5 in QT

0:(0,2) = Pg(x) =€

We also need to impose some boundary condition on the exterior boundary S = 0€:

n- (AVeo. v o) =k (p. —g.) on R UF! —the Fourier law
0. =0 on BY — back side is sealed

g. € L*(0,T; L*(S)) -the trace of the exterior concentration
ke L>®(S), 0<ko<k(x)<k; the rate of proportionality in the Fourier law.



Results:

Depending on 3 we distinguish 3 different cases :

(8 < 1 This is the simplest case when the shafts do not make any contribution, i.e. the
repository behaves as if they were not there.

(8 =1 This is the most interesting case when the processes in the shaft and out of it
are of the same order of intensity and there is an interaction between them.

(> 1 In this case the process in the shafts is dominant and we do not see the rest of
the domain in the limit.

A priori estimates

Proposition 1 Let {¢.} be the sequence of solutions to the problem (?7)-(?7). Then there exists
a constant C > 0, independent form e, such that

IVoel20r:0200) < C (10)
el 0mi200)) < C (11)
’%|L2(0,T;L2(85)) < Cel? (12)
o

| e‘LQ(O,T;LQ(SE)) < CePl? . (13)

8LE1

The simplest case (§ < 1

The source: f*(t,x) = 1 f(t.%) . (y1,2) = f(t.1.92.4s) is 1- periodic supp f C P x [0,t,,]

Theorem 1 Let 5 < 1 and let {p.} be the sequence of solutions to the problem (??)-(??). Then
Ve = @ weak* in  L>(0,T; L*(Q)) and weakly in L*(0,T; H*(Q)) , (14)
where @ is the unique solution of the problem
0 _ .
wh a_f —div(A"Vo) + (V" - V) + A" o= fds in QF = (Q\X)x]0,T[  (15)
o(z,0) =Dg(x) 2eQ=02, =0 on ST (16)
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The critical case =1

In this case the contributions from shafts and those from host rock are of the same order. Thus they
both appear in the limit problem. We assume again that f¢ is of the same form f¢(¢,z) = % f(t, %)

b in the host rock R.
ge = { I (18)

et ¢ in the shaft F.

Two-scale convergence with respect to the singular measure:

In order to see some effects of the process that is going on in thin domain S, we need to consider
the limit with respect to the rescaled measure du(x) = e~ 1s. dL3 , where dL3 is the Lebesgue
measure :

Definition 1 A sequence {¢.}eso , 0 € LP(Q) is said to converge two-scale to ¢y € L*(3 x C)
if for any ¢ € C(Q; LY (C) )

lim @s(w)w(%%%) dus(év)z/gdéz(r) /C¢0($1,$27y2,y3)¢($73/) dypdys ,  (19)

e—0 Q

In other words (?7) can be simply written as

1 x
lim — %(l‘)w(%_) dx:/dxl dxy /900(%,@711)¢($17$2,0;y2ay3) dy .
e=0e Js. 3 s c
We denote shortly
2—dp
Pe — Yo

Theorem 2 Let f =1 and let {¢.} be the sequence of solutions to the problem (?7)-(??). Then

Y — P weak* in  L(0,T;L*(Q)) and weakly in L*(0,T; H'(Q)) , (20)
©e 2-dp o(t, r1,22,0) two scale , (21)

where @ is the unique solution of the following variational problem :

Find ¢ € L*(0,T;V) , such that
g e h h h
—w @EﬂLA VoV + (v - Ve + Awpd | + STF&WﬁJr
8@ oY Op
d / / d / ! —
/ /( D (t.0'0) (6 0) 4 (o) 2 0) ., 0) )

:/0 /27¢(t,x’,0) +/Qwh<1>0¢(o,x)+/STwgh+/0T/0L/<a¢(t7L7wz,0)gd ;

for any € H'(0,T;V) such that (T,z) =0 . (22)
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V= {¢€ Hl(Q); aixlﬁb(%,m,o) € L2(2)7 $(0,22,0) :0} ) <Z> :/CZd?JQdy:a .

Remark 1 In case of non-diagonal A?, i.e. non-unidirectional convection in shafts, it is necessary
to introduce R, the solution of the auziliary problem

div, (A*V,R) = —div,(A%e;) in C (23)
n - AdVyR: —n - A%e; on OC .

to describe the oscillatory part of the two scale limit @1 which has the form

90

8301 ’

Then the coefficient {|v?|) in the above problem mus be replaced by (AV,(y; + R)) . In case of
diagonal matriz A? the solution of the auziliary (??) is trivial R =0 .

1 = R(y)

The case of dominant shafts § > 1

In this last case the conductivity of shafts is so high that the process inside is dominant in
the global scale. We assume that the behavior of g. is as follows:

{ g" on the host rock R.
Je =

1 24
e g% on the shaft F. (24)

Remark 2 We notice that in case 3 =1 condition (??) reduces to the previously imposed condi-
tion on g..

Theorem 3 Let 5 > 1 and let {p.} be the sequence of solutions to the problem (?7?)-(?7). Then
there exist a subsequence, denoted by the same symbol {©.} and an accumulation point ©° € W =

{pel*>(2xC); 22 e LA(X xC) } such that

) Oz
ez Ve 2oy ©? two scale (25)
5 Ope 2-du Op°
ez 8ij 2y a—il two scale . (26)

For 1 < 3 <2, function ¢ is the unique solution of the problem :

_8%1 (<|vd|> Z_jl) + (v?) g—i =0 in ]0,L[ (27)
PO =0 =) S + () + 1) $(E) = x (g



This problem can be solved explicitly and

0 _ <gd> (1 B esgn(ud) zl) (28)
4 14 &9 esgned) L

For B3 > 2, function ©° is the unique solution of the problem :

0 4 9¢° 1 0¢° -

- — — =0 0, L 29
o (10155 ) 4055 =0 i .z (29)

0 a) 9" d 0 d

SO0 ") D)+ (0 40 (L) =k g

This problem can be solved explicitly too and
g a

(100 (1 . eSg’ﬂ,(v )x1) (30)

- 1+ % — eSgn(vd) L

In case = 2 and v? independent on y, we have the convergence of mean concentrations in the
shafts:
1 _
B / ez e — (") weakly in H'(0,L) . (31)
Se

where

0 __ <gd> (1 . 6sgn(vd) 11) (32)
7T 4 vl osgn(vd) L

Remark 3 Actually, using the two-scale convergence, we can prove that, up to a subsequence
Ve 2 0" where ©° satisfies the partial differential equation

0

+ v
81’% 8x1

in 10, L[ x C but we cannot identify the boundary conditions that it satisfies on 10, L[ x OC.
Thus, we cannot prove the uniqueness of the accumulation point.
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