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Similarity between different
discretization methods for

—div (K (x)gradp) = g in ,
p(x) =0 on 09,

e General irregular grid,
e Anisotropic permeability, and

¢ Heterogeneous discontinuous permeability
= gradp = 1-form (tangential continuity)
K grad p = 2-form (normal continuity)

What types of methods are well suited and why?

e Standard flow conceptualizations = block-centered

logically rectangular structure (quadrilaterals, hex-
ahedra)

e [.ocal mass conservation

e Local discrete Darcy law (co-volumes)
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The Discretization Methods

e Mixed Finite Element Method (MFEM)
e Control Volume MFEM (CVMFEM)
e Support Operator Method (Mimetic, SOM)

e FEnhanced Cell-Centered Finite Difference Method
(ECCFDM)

e Multi-Point Flux Approximation control volume method

(MPFA)

It seems that the similarities between the meth-
ods are due to the following qualities:

e [ocal conservation

— > flux over all edges = accumulation term
— Continuous flux

e Weak continuity in the pressure
==> no need for Lagrange multipliers.

e MFEM, CVMFEM, SOM: K~ 'f = Ap
e ECCFDM, MPFA: f = KAp

e Can relate via mass lumping and incomplete inver-
sion of mass matrix



Outhine
e MFEM

e Mixed Hybrid FEM, Lagrange multipliers, continu-
ity of p

e Quadrilaterals, Piola transform
e CVMFEM
—-as MFEM

— weak continuity of p

e SOM
—as MFEM

— as itself

— weak continuity of p

e Expanded MFEM (EMFEM, basis of ECCFDM)

—as CCFDM
— Lack of continuity of p

¢ MPFA

—as EMFEM with different test space
— effective weak continuity of p

e A 3D example

e Approximation of solutions with singular velocities



Mixed Finite Element Methods, MFEM

u=—K(x)gradp pcH'
divu =g u € H(div)

Let (-, ) denote the £L*inner product

(grad p, v) Z/C;Q v-npds + (divyv,p)

Weak formulation: (u,p) € H(div) x £?
such that

(K ' ,v) — (p,dive) =0, for all v € H(div),
(divu,q) = (g,q) forall g € L,

MFEM: (u,p) € V}, x Q, C H(div) x £* such that
a(u,v) — (p,dive) =0, v E Vy,
(dive,q) = (9,9), q€@n



Advantages

e More accurate velocity for same amount of work (heterogeneous

K)

e Like block-centered finite differences (cell pressure, interblock
flux, local conservation)

Disadvantages

e More algebraic equations to solve
e Equations not positive definite (bad for iterative methods)

e On irregular grids: reduced accuracy, complicated formulations

Shape and weighting functions are the same

e Velocity — associate with unit interblock flux across edge

e Velocity can be integrated analytically to give exact local and -
global mass conservation in FVELLAM

e Pressure — associate with unit pressure (constant) in cell




Lagrange Multipliers

Hybrid MFEM: (u,p,)\) € V;L'l X @, X Ap such
that

a(u,v) — (p,div o) —i—Z/'v n|Ads =0, veV;?

edges
(divu, g) = (g,9), q € Qn
Z/u n|uds = 0, 1w E Ap
edges -

PS. This does not change the solution (u, p)
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CONTROL-VOLUME MIXED METHOD
ON RECTANGLES

Shape and weighting functions are different
¢ Shape functions as in standard mixed method
o Velocity welighting functions constant on halves of cells

¢ Pressure weighting functions as in standard mixed method

Qigg = ($i—1/2,$z’+1/2) X (yjml/Qayj+1/2)a
Qi;tz[z,g = (i, Tit1) X (ij1/299j+1/2):
Qijrip = ($i—1/2;33i+1/2) X (yjayj-i-l):




Discrete Dare

¥ law :
Integrate z-comporlent of Darcy equation over

Qit1/2

(assuming rectangular grid and scalar A = A:

Ao, +

ap___

0
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CONTROL-VOLUME MIXED METHOD

ON QUADRILATERALS

- Reference mapping

z(Z, ﬁ) = Zgg + (3310 - 300)53 + (m{}l - 390):&
‘ +(z11 — T10 — To1 + T00) 27,

~

Y(Z,9) = Yoo + (Y10 — Yoo)& + (Yo1 — Yoo)y
+(¥11 — Y10 — Yo1 + Y00)Z Y-

Inverse mapping exists for convex quadrilaterals
Pressure shape functions: constant on cells Q; ;
Velocity shape functions:

e Correspond to unit flux across each edge

e Constant normal component on edge, continuous

(0,1) ‘ LD

Py )

(0,0)— (1,0) (x

Ry



CVMFEM as MFEM

(u,p) € V', x @y, such that

a(u,v,v) + (p, divy, ypv) = 0, veVy,
(divu,q) = (9,9), g€ Qn

° supp(’)/h’vi,jﬂ/z) = Qi,j+1/2
® V. Vi— Yy
® v,v, chosen such that [ [p]ds =0

Q ij+1/2




Garanza_and Konshin type Test Function
pplied to Pressure Gradient
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Conservation-of-mass equation (same form as on rectangles):

Qfx’)'zl-ljz,g (f:c)z+1/2,3 (fy)z,g 1/2 '(fy}é.,ji—l/zﬂ' “""‘FQ@'JFM*
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SOM in Framework of MFEM




The Original Outline of SOM

Define a natural inner product

(0, Onc =Y Aijpijgi

elements

(A,Bus= Y Ai;(A,B);

elements

- for (A, B);; = Z A(Gv A, Gy B);;

vertex

- G maps A to (A€, An)T, an orthogonal grid,

-&F(M$m)m&ﬂ'

And a formal inner product

P, gluc = Z Dijdij

elements

[AJB]’HS: Z AgeBge_i‘ Z AﬁeBﬁe

‘x’-edges 'y’-edges



The main assumption.

(Duap)HC = (U,D*p)’;{g
D* = G = approximation of — K grad

Equivalent to

(Duvp)num.int = (ua D*p)num.int

An approximation to

fDupdxw/uTD*pdm
Q0 Q

In the framework of MHFEM, the Lagrange multiplier
term is zero, i.e., the SOM imposes a weak continuity
of p.



The Expanded MFEM

u=K(x)u
u = — grad p,
divu = g.

Find (w,1,p) € Vax Vi x Qn C H(div) x (£2)? x L2
such that
(w,v) — (p,dive) =0, for all v € V7,
(u, ) — (Ku,®) =0, for all & € V3,
(divu,q) = (g,q), forall g € Q.

V.= RT,, Vh =7, Q= Pal

V', = rectangular/quadrilateral Hodge * of RT?



Enhanyed Cell-Centered Finite Difference Method
Vi, =V, = RIj+ num.int

L) Xit @
e
Qu

i K

In the reference space K = JDF 1 K DF !,
J = Jacobian

DF = Jacobian matrix

&

&




Discontinuous Permeability

Orthogonal grids with diagonal permeability
= 1D case in each direction

1D & cell-centered FDM:
Harmonic mean of the permeability maintains the order
of convergence, while arithmetic mean reduces it.

(ref: A A. Samarskij)

Harmonic mean:

2
| f= ~m(}%+1 “Pz‘)

BTE

1+1

Found from the assumption of
e continuous velocity

e conflnuous pressure



Rectangular grids & |
discontinuous orthogonal permeability

e MFEM and RTj elements”
e CVMFEM®

e SOM

o MPFA™

Reduces to FDM with harmonic mean
« with trapezoidal integration rule
x% on K-orthogonal grid

e Cell-Centered FDM derived from EMFEM
’U,x L hzkz + h’i-l-lk?:-}-l( ‘ . p)
i+1/2,7 1/2(}% 4+ hiw{wl)g Pi+1 ?
Numerical examples show that the order of convergence
18 reduced

The order of convergence can be maintained if Lagrange
multipliers are added along the discontinuity (ECCFDM)
—=> enforce a weak continuity of the pressure.

Observation:

Weak continuity in the pressure is related to the rate of
convergence across a discontinuity in the media.




ENHANCED CELL-CENTERED FINITE DIFFERENCES

Fic. 10.3. A compler domain with a hierarchical mesh.

TaBLE 10.1
The pressure error ||P ~ pllm and the velocity error [[U — ullm for a hierarchical example.

h Mixed Unenhanced Enhanced
cell-centered | cell-centered

P u P u P u

0.16 0.39 6.0 0.48 8.3 0.59 6.4

0.08 0.11 3.1 0.12 59 0.11 3.5

0.04 0.029 1.5 0.043 | 3.7 | 0.026 1.6
0.02 0.0076 | 0.77 | 0.019 2.5 0.0062 | 0.80

Rate h? h | nl4 | ROE | A2 h

419



Different Approximation Spaces

Needed if u = K, and u has continuous normal com-
ponent, while K is discontinuous.

Find (u,@,p) € RTo x RT;' x Qp, such that

(@, v) — (p,dive) =0, for all v € RTY,
(u,d) — (K, ) =0, for all © € RT,
(divu,q) = (g,q), forall ¢ € Q.

The same numerical integration will now give the har-
monic mean on an orthogonal grid with diagonal K.

What about an arbitrary elementwise constant tensor
K" Can’t eliminate & to get a FD expression in « and

D.

On orthogonal grid, can split flux equation for each edge
into two equal half-edge parts, split edge unknowns u
and @ each into two half-edge unknowns, then eliminate
u for the four half-edges meeting at a cell vertex.



The Multi-Point Flux Approximation
Control Volume Method

Y fi=Qr

€T

4
1/2
i = Ztkpk
k=1

e Cell-centered pressure values
e Continuous flux

e Linear pressure, one point of continuity at each half
edge

e The MPFA “weak continuity” of p is not equivalent
to Lagrange multipliers (edge point at end of sub-
edge)



Relationship between Expanded MFEM and MPFA
(orthogonal grid, full-tensor K)

Trapezoidal numerical integration
=—> cannot eliminate ;,1/y easily
(4 = Ku complicated if K tensor)

Can eliminate ;.o by separate integration over upper
and lower “interaction regions”
— 2 equations for each edge, amalgamation of
solution of larger system solves EMFEM egs.

Larger system yields the MPFA “O-method” augmented
by a discrete-gradient @-like variable

Amalgamated MPFA has same weak continuity of p as
EMFEM with different test spaces

EMFEM error analysis can be used to prove conver-
gence of MPFA
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FLUY APPROYIMATION S
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CMINKTTON o GUADRATIC CoRPECTION
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RESULTS
Un'uforW\ Flow
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Figure 1: Numerical results from John Wilson
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Uniform flow

Pne s f A
%3@ GwaA [HRER J% TN %g fg IRAL @f«f”}ﬁ 5%% Xy G ThOE

AH vuws 3" 2’( &

{ lllillli

-5 i 1 |

I 1 I i i E 1 l
0 01 02 03 04 0.5

('v«amw\uwn -&Tﬁd’%d JtSﬁffDn}




Now- uwiforw 'Haw

Randova
rt-f:mewe.v\'t

Howo‘Je.hcou S
Plawer rri wary

ywlerior $oces

*— —g—
Sownvee Sonre¢e

case 2 case 1 co.se | ease &

10ms . ; I 7 T I 1 T ! I ] i E I f T ; T

—4

10

-5

10

107°

|

0.6
(As) Gnean cell size)

h=0.2 (vaoxi paum -Fwd’!'ovu’ J\'s‘fa\‘f?mg)

|

10_7 _ T R T WU S | 1 S
0.8 1

0 0.2 0.4




1 1 H 13 1 l I i

0.4

(As)

0.6




Solutions with Singular Velocities

e Checkerboard scalar K on 2 X 2 coarse grid

e p like 7® near the origin (center of grid), p € H**o~¢

e Grid: squares divided into two right triangles

e GAL = standard CY linears, expect h?*¢ for p

e CR = Crouzeix-Raviart

e Discrete L? p error at centroids (CR = MFEM RT) or nodes
e Discrete CR velocity = MFEM RTy velocity (cf. Marini 1985)

e Discrete L? v error at centroids

Convergence rates

K ratio] « CRp|GALp| CRv |GALwv
/2 078 1.47 | 1.50 [0.7347] 0.7498
1/5 054 1.06 | 1.04 |0.5401| 0.5577
1/15 0.32] 0.60 | 0.67 0.3242 | 0.4035
1/40 10.20| 0.33 | 0.48 |0.1440 0.3095

1/100 [0.12| 0.18 | 0.37 |0.0262 | 0.2453
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Conclusions
e The relation between the methods is:

* built on the common continuous flux and “weak”
continuous pressure.

* important in understanding behavior of methods
for discontinuous permeability or on an irregular
grid.

e “Weakly” continuous pressure == the need for La-
grange multipliers is eliminated.

e Methods can be grouped into K methods and K~
methods. K ! methods appear to be more robust
on “nasty’ grids.

e A rigorously consistent “compatible” 3D method with

small stencil for general distorted hexahedra is dif-
ficult to construct.

e Need more testing of various methods for cases of
singular velocities. Compatibility appears to be a
virtue.
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