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Reactive transport in a porous medium
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Classification of chemical reactions

According to nature of reaction
Homogeneous In the same phase (aqueous, gaseous, ...)

Examples: Acid base, oxydo–reduction

Heterogeneous Involve different phases
Examples: Sorption, precipitation / dissolution,
vaporization

According to speed of reaction
Slow reactions Irreversible, modeled using kinetic law

Fast reactions Reversible, modeled using equilibrium

Depends on relative speed of reactions and transport.

Cf Rubin, 1983.
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Aqueous reactions: chemical equilibrium

Chemical reaction:

α1C1 + α2C2 � S, in general
∑

i

αiCi � 0

Thermodynamic equilibrium: minimize (change in) Gibb’s free energy

∆G = ∆G0 + RT
∑

i

αi ln(ci), R = 8.31 J/K/mol

Leads to mass action law∏
i

cαi
i = K , K = exp

(
−∆G0

RT

)
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Aqueous reactions: examples

Water dissociation H3O+ + OH− � 2H2O, Kw = 10−14

Carbonic acid dissociation

H20 + H2CO3 � H3O+ + HCO−
3 , K1 = 2.5 10−4

HCO−
3 + H2O � CO2−

3 + H3O+, K2 = 5.6 10−11

Reactions and equilibrium constants can be found in thermodynamic
databases.
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Sorption processes

Definition
Sorption is the accumulation of a fluid on a solid at the fluid–solid
interface.

Main mechanism for exchanges between dissolved species and solid
surfaces.

Several possible mechanisms

Surface complexation Formation of bond between surface and
aqueous species, due to electrostatic interactions.
Depends on surface potential.

Ion exchange Ions are exchanged between sorption sites on the
surface. Depends on Cationic Exchange Capacity.

Surface precipitation May happen when surface sites not saturated

Can be modeled as mass action law
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Precipitation–dissolution reactions

Formation of insoluble species: (Ca(OH)2) � 2 OH− + Ca2+ Ks

Convention: activity of solid phase is 1.

Solubility product: SI =
Ks

[OH−][Ca2+]
. Mineral only exists if SI = 1.

Thermodynamics shows whether reaction is possible. Precipitation is
controlled by kinetics.

Gibbs’ phase rule
v = 2 + Ns − Nr + P, P # phases, v # dofs system

Each phase decreases the number of unknowns
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Kinetic reactions

Several different kinds of rate laws

Mass action law Reaction
∑

j νijCj → Xi gives

d [Xi ]

dt
= −

d [Cj ]

dt
= kf Xi − kb

∏
j

[Cj ]
νij

Biodegradation Monod kinetics: growth of bacteria population from
substrate S and oxygen O2

1
N

dN
dt

= µ

(
[S]

Ks + [S]

)(
[O2]

Ko + [O2]

)
− Kd

Precipitation–dissolution Ω Solubility product of mineral.

r =

{
κσ
∣∣Ωθ − 1

∣∣η if Ω > Ωt

0 otherwise.
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Sorptions isotherms

Definition
An adsorption isotherm relates F (mol/g) quantity of adsorbed
component to its concentration C (mol/l) in the fluid

Transport of one solute in saturated porous medium, interaction with
solid phase :

∂C
∂t

+ ρ
∂F
∂t

+ div
(
~uC − D∇C

)
= 0

with

Non-equilibrium
dF
dt

= k(Ψ(C)− F )

Equilibrium F = Ψ(C)
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Common equilibrium isotherms

Linear Ψ(C) = KdC

Langmuir Ψ(C) =
κ1C

1 + κ2C
Concave near C = 0

Freundlich Ψ(C) = κCp

Concave near C = 0,
Ψ′(0+) = ∞ for 0 < p < 1,
convex near C = 0 for
1 < p,.  0

 0.5

 1

 1.5

 2

 0  0.2  0.4  0.6  0.8  1

Langmuir
freundlich

Linear

Analysis for “general” function Ψ : Knabner, van Duijn
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Examples for linear and Freundlich isotherm

J. A. Cunnigham (Texas A&M)
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Co-precipitation of Portlandite

Chemical reaction :

Portlandite(Ca(OH)2) � 2 OH− + Ca2+ Ks

Mathematical (non-dimensional) model
ut −∆u = −2λṙ ,

v t −∆v = −λṙ ,

w t = λṙ .

ṙ = (u2v − Ks)
− − sign(w)+(u2v − Ks)

−

N. Bouillard’s (Univ. Marseille, CEA) thesis : math. and numer.
analysis
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Modeling general equilibrium models

General chemical reactions : Ns species, Nr reactions

Ns∑
j=1

νijY j � 0, i = 1, . . . , Nr

νij stoichiometric coefficients. Matrix equation νY = 0

Assumption
ν has full rank : Rank ν = Nr .

Basis for null-space of ν has
dimensions Nc = Ns − Nr .

Partition ν =
(
B N

)
, B ∈ RNr×Nr invertible, N ∈ RNc×Nr . Let

A = −B−1N

General solution of νY = 0: Y =

(
x
c

)
, x = Ac. c ∈ RNc , x ∈ RNr .

M. Kern Geochemistry MoMaS/INRIA 18 / 45



Modeling general equilibrium models

General chemical reactions : Ns species, Nr reactions

Ns∑
j=1

νijY j � 0, i = 1, . . . , Nr

νij stoichiometric coefficients. Matrix equation νY = 0

Assumption
ν has full rank : Rank ν = Nr .

Basis for null-space of ν has
dimensions Nc = Ns − Nr .

Partition ν =
(
B N

)
, B ∈ RNr×Nr invertible, N ∈ RNc×Nr . Let

A = −B−1N

General solution of νY = 0: Y =

(
x
c

)
, x = Ac. c ∈ RNc , x ∈ RNr .

M. Kern Geochemistry MoMaS/INRIA 18 / 45



Modeling general equilibrium models

General chemical reactions : Ns species, Nr reactions

Ns∑
j=1

νijY j � 0, i = 1, . . . , Nr

νij stoichiometric coefficients. Matrix equation νY = 0

Assumption
ν has full rank : Rank ν = Nr .

Basis for null-space of ν has
dimensions Nc = Ns − Nr .

Partition ν =
(
B N

)
, B ∈ RNr×Nr invertible, N ∈ RNc×Nr . Let

A = −B−1N

General solution of νY = 0: Y =

(
x
c

)
, x = Ac. c ∈ RNc , x ∈ RNr .

M. Kern Geochemistry MoMaS/INRIA 18 / 45



Example: carbonic acid dissociation

Species

H2O, H3O+, OH−, H2CO3, HCO−
3 , CO2−

3

Reactions

H3O+ + OH− � 2H2O,

H2O + H2CO3 � H3O+ + HCO−
3 ,

HCO−
3 + H2O � CO2−

3 + H3O+.

Possible components

H2O, H3O+, H2CO3,

H2O, H3O+, HCO−
3 ,

H2O, H3O+, CO2−
3 ,

H2O, OH−, H2CO3,

H2O, OH−, HCO−
3 ,

H2O, OH−, CO2−
3 .
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Components: the Morel tableau

Species in c: components, in x : secondary species.
Rewrite chemical system as (TDB give components, then species)

Nc∑
j=1

AijC j � X i

Components Equ.
C1 · · · Cj · · · CNc constants

X1 A11 A1Nc K1
...

...
Xi Ai1 Aij AiNc Ki
...

...
XNs A1Ns ANsNc KNs

Total conc. T1 Ti TNc
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From chemistry to mathematics

Each reaction, mass action law ({X i} = activity of X i )

{X i} = Ki

Nc∏
j=1

{C j}Aij , i = 1, . . . , Nr

Each component, mass conservation ([X i ] = concentration of X i )

Tj = [C j ] +
Nr∑

i=1

Aij [X i ], j = 1, . . . , Nc

System of nonlinear algebraic equations

M. Kern Geochemistry MoMaS/INRIA 21 / 45



Activity correction

{X i} = γi [X i ], γi activity coefficient

Ionic force of solution I = 1/2
∑

i z2
i [X i ], zi charge of species X i .

Davies’ model

log γi = −Az2
i

( √
I

1 +
√

I
− BI

)
,

A = 1.82 106(εT )3/2, B = 0.25 (ε = dielectric permittivity for water, T
temperature).

In the sequel: Ideal solution, γi = 1.

M. Kern Geochemistry MoMaS/INRIA 22 / 45



Activity correction

{X i} = γi [X i ], γi activity coefficient

Ionic force of solution I = 1/2
∑

i z2
i [X i ], zi charge of species X i .

Davies’ model

log γi = −Az2
i

( √
I

1 +
√

I
− BI

)
,

A = 1.82 106(εT )3/2, B = 0.25 (ε = dielectric permittivity for water, T
temperature).

In the sequel: Ideal solution, γi = 1.

M. Kern Geochemistry MoMaS/INRIA 22 / 45



Activity correction

{X i} = γi [X i ], γi activity coefficient

Ionic force of solution I = 1/2
∑

i z2
i [X i ], zi charge of species X i .

Davies’ model

log γi = −Az2
i

( √
I

1 +
√

I
− BI

)
,

A = 1.82 106(εT )3/2, B = 0.25 (ε = dielectric permittivity for water, T
temperature).

In the sequel: Ideal solution, γi = 1.

M. Kern Geochemistry MoMaS/INRIA 22 / 45



Reactions for aqueous/solid system

c j aqueous components, sj sorbant components, x i aqueous
secondary species, fixed y i secondary species.

x i �
Nc∑
j=1

Sijc j , i = 1, . . . , Nx

y j �
Nc∑
j=1

Aijc j +
Ns∑
j=1

Bijsj , i = 1, . . . , Ny ,

M. Kern Geochemistry MoMaS/INRIA 23 / 45



Mass action law

x i = Kx i

Nc∏
j=1

c
Sij

j , i = 1, . . . , Nx

y i = Ky i

Nc∏
j=1

c
Aij

j

Ns∏
j=1

s
Bij

j , i = 1, . . . , Ny ,

Use logarithm: linear algebra

Mass conservation

c + Stx + AT y = T

s + BT y = W ,

T , W : total concentration in components
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The chemical problem

System of non-linear equations

c + ST x + AT y = T ,

s + BT y = W ,

log x = S log c + log Kx ,

log y = A log c + B log s + log Ky .

Dissolved total: C = c + ST x , Fixed total: F = AT y .

Role of chemical model
Given totals T (and W , known), split into mobile and immobile total
concentrations

C = Φ(T ), F = Ψ(T )
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Numerical solution of nonlinear problem

Take concentration logarithms as main unknowns
Use globalized Newton’s method (line search, trust region).

Ion exchange: 6 species, 4 components (vary initial guess)
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Precipitation dissolution reactions

Assumption: local equilibrium (no reaction kinetic).

Solubility product Πk = K p
k

Nc∏
j=1

c
djk

k , , j = 1, . . . , Np

{
pk = 0 if Πk < 1

Πk = 1 otherwise .

Convention: activity of solid species = 1.
Notice: mass action law does not involve concentration pk .

Mass conservation: T = c + ST x + DT p

Threshold reactions: which species are present not known a priori.

Usual solution: combinatorics. Not guaranteed to work (cycling).
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Reformulation of PD equation

pT (log Kp + D log c) = 0, p ≥ 0, (log Kp + D log c) ≤ 0.


F1(c, p) = 0 same as no PD

− log Kp − D log c = z

PZe = 0, p ≥ 0, z ≥ 0.

Z = diag(z), P = diag(p), e = (1, 1, . . . , 1)T .

Mixed complementarity problem (non-linear equation with constraints).

Other approach: start with kinetic law, let rate tend to infinity
(N. Bouillard).
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Link with interior points

xT = (c, p, z)T , F (x) =

 F1(c, p)
z + log Kp + D log c

PZe


Similar to KKT conditions for inequality constrained problem.

Relax complementarity constraint
Let µ → 0 in F1(c, p)

z + log K + D log c
PZe − µe,

 = 0, p ≥ 0, z ≥ 0.
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Motivations

Interior point algorithms successful in constrained optimization.

Advantages
Regular problem,

Can use (variant of) Newton’s method

No combinatorics

Drawback
Larger problem size : Nc + 2Np

Linear sub-problem ill-conditioned

Use algorithm by Saaf, Tapia, Bryant, Wheeler (’96). Cf Saaf’s thesis.
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Example: pH-pE diagram for iron

Find which is dominant (iron) species at given pH and pE (= −log[e+]).

13 species (9 aqueous, 4 minerals)
4 components (2 fixed)

Expected diagram
from J. Carrayrou’s
thesis

Separating lines can
be computed
analytically
(dissolution fronts)
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Computed diagram
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No convergence for
high pH

Wrong species for
high pE (Fe(OH)3
should not precipitate,
expect Fe3+)
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Transport model: saturated medium

Convection–diffusion equation

Rω
∂c
∂t
− div(D grad c) + div(uc) + Rωλc = f

Dispersion tensor

D = deI + |u|[αlE(u) + αt(I − E(u))], Eij(u) =
uiuj

|u|

Boundary conditions

D grad c ·n = 0 on ΓN , c = cd on ΓD.

Let L(c) = −div(D grad c) + div(uc) + Rωλc
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The coupled system

Assumption
Dispersion tensor independent of species

∂x i

∂t
+ L(x i) = r x

i ,
∂c j

∂t
+ L(c j) = r c

j ,

∂y i

∂t
= r y

i ,
∂sj

∂t
= r s

j ,

Eliminate (unknown) reaction rates: CD equation for totals (T = C + F )

∂T j

∂t
+ L(C j) = 0, j = 1, . . . , Nc

∂W j

∂t
= 0 j = 1, . . . , Ns

Number of transport equations reduced from Nx + Ny to Nc + Ns
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Different formulations

Discretize in time with implicit Euler

TC Formulation 
T n+1 − T n

∆t
+ L(Cn+1) = 0,

Cn+1 = Φ(T n+1).

TCF Formulation
Cn+1 + F n+1 − T n

∆t
+ L(Cn+1) = 0,

Cn+1 + F n+1 = T n+1,

F n+1 = Ψ(T n+1).
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Outline

1 Chemical phenomena

2 Some models with simplified chemistry
One species sorption models
Two-species precipitation dissolution

3 Multispecies equilibrium reactive transport
Chemistry for closed systems
Precipitation dissolution reactions
Coupled system

4 Coupling algorithms
Operator split method
Global methods
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Standard iterative algorithm

Block Gauss–Seidel method

Transport 
Cn+1,k+1 + F n+1,k − T n

∆t
+ L(Cn+1,k+1) = 0,

T n+1,k+1 = Cn+1,k+1 + F n+1,k ,

Chemistry
F n+1,k+1 = Ψ(T n+1,k+1)

Yeh–Tripathi (1989), Steefel et al. (1996), Saaltink et al. (2001),
Carrayrou (2001), Dimier, Montarnal et al. (2004),
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Example: ion exchange

Column experiment (Phreeqc ex. 11, Alliances ex. 3)

Column contains a solution with
1mmol Na, 0.2mmol K and
1.2mmol NO3. Inject solution with
1.2mmolCaCl2. CEC = 1.1 10−3.

Chemical system:

Ca2+ + 2X− � CaX2, log K1 = 0.8,

Na+ + X− � NaX, log K2 = 0,

K+ + X− � KX , log K3 = 0.7
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Global coupling method

Solve F (T n+1, Cn+1) = 0 by Newton’s method,

F (T , C) =

(
T + ∆tL(C)− T n

C − Φ(T )

)
.

Iterations:

F ′(T k , Ck )

(
∆T
∆C

)
= −F (T k , Ck )(

T k+1

Ck+1

)
=

(
T k

Ck

)
+

(
∆T
∆C

)

Jacobian : F ′(T k , Ck ) =

(
I ∆tL

−Φ′(T ) I

)
Φ′(T ) jacobian of chemistry solver
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Newton Krylov method

Computing and storing Jacobian matrix expensive: size NptsNc !
Solve linear system

F ′(T k , Ck )

(
∆T
∆C

)
= −F (T k , Ck )

with an iterative method (GMRES, TFQMR, BiCGStab).
Only need Jacobian–vector product (can be done by finite differences,
only function evaluations).

References
Hammond, Valocchi, Lichtner (CMWR, 2002)

Knoll, Keyes (JCP, 2004)

Mousseau, Knoll (JCP, 2004)

Thesis of Leila Amir (INRIA / Itasca).
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DAE approach

Coupled system in (T , C) is index 1 DAE (J. Erhel, A. Haidar)

z = (T , lc, ls)T , M
dz
dt

+ Φ(z) = 0

M =

INcNp 0 0
0 0 0
0 0 0

 ,Φ(z) =

 (INc ⊗ L)C(lc)
C(lc) + F (lc, ls)− T

G(lc, ls)−W



C(lc) = c + (S ⊗ INp)
T x ,

F (lc, ls) = (A⊗ INp)
T y ,

G(lc, ls) = s + (B ⊗ INp)
T y

log x = log Kx + (S ⊗ INp)lc,

log y = log Ky + (A⊗ INp)lc + (B ⊗ INp)ls

c = exp(lc),

s = exp(ls).
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Results

Use standard software

Variable time step and order
Newton nonlinear method
Sparse direct linear solver

In Matlab, function ode15s modified to use UMFPACK

C. de Dieuleveult’s thesis (INRIA/Andra)
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A benchmark proposal

Written by J. Carrayrou
(IMFS).
International Scientific
Committee
1D and 2D geometries

3 levels of chemical difficulty
Easy Equilibrium, ion exchange

Medium More species, kinetics

Hard Precipitation–dissolution

Should appear soon on the MoMaS web site.
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Conclusions

Areas for further work

Chemistry
Robust methods for solving chemistry

Dealing with precipitation–dissolution reactions

Coupling
Comparison of different formulations

Comparison of solution algorithms

Extension to multiphase flow ?
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