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INRIA-Rocquencourt, France

Co-authors:

Adimurthi, G.D. Veerappa Gowda, TIFR, Bangalore, India

J. Roberts, X. Wang, INRIA-Rocquencourt, France
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Outline

• 1-D two-phase flow without capillarity

• The Godunov and the Upstream Mobility numerical fluxes

• The case of two rock types

• Multiphase flow

• Mixed finite elements for the pressure equation

• MFE for diffusion and Advective finite volumes for the saturation equation

• Remarks on Richards’s equations
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Incompressible capillarity free two-phase flow
in porous media

φ porosity K absolute permeability,
` = 1, 2 phase index, S` saturation, p pressure, ϕ` Darcy velocity,
λ` = Kk` k` mobility (increasing with S`), g` gravity constant

φ
∂S`

∂t
+

∂ϕ`

∂x
= 0, ϕ` = −λ`

(
∂p

∂x
− g`

)
, ` = 1, 2

S1 + S2 = 1.

λ`

S`

Introduce q = ϕ1 + ϕ2, total Darcy’s velocity (constant in space).

Then ϕ1 =
λ1

λ1 + λ2
[q + (g1 − g2)λ2], ϕ2 =

λ2

λ1 + λ1
[q + (g2 − g1)λ1]
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Two-phase flow reduces to a scalar nonlinear
conservation law

Denote S = S1, f = ϕ1. Then

φ
∂S

∂t
+

∂f

∂x
= 0, f =

λ1

λ1 + λ2
[q + (g1 − g2)λ2].

λ2

λ1

S

Assume phase 1 is heavier,
i.e. g1 > g2.

f has one global maximum
with no other local
maximum.

f

q

0 θ
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Cell-centered finite volume discretization

i− 1
i− 1/2

y i y
i + 1/2

i + 1

φi
Sn+1

i − Sn
i

∆t
+

1
h
(fn

i+1/2 − fn
i−1/2) = 0,

Riemann solvers to calculate the numerical flux fi+1/2 = F (Si, Si+1).

For convergence the function (a, b) −→ F (a, b) must be

• consistent: F (a, a) = f(a)

• monotone: F (a, b)
{

increasing with a,
decreasing with b

• Lipshitz–continuous.

Two examples : Godunov’s flux and the Upstream Mobility flux.

J. Jaffré CEA-EDF-Inria-Momas, Rocquencourt, 2005 5



The Godunov flux

The general definition is

FG(a, b) =

 min
s∈[a,b]

f(s) if a < b,

max
s∈[b,a]

f(s) if a ≥ b.

In our case – f with only one global maximum and no other local maximum –
a new simpler formula should be used :

FG(a, b) = min{f(min{a, θ}), f(max{θ, b})},

where θ is the point where the maximum is reached.
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The Upstream Mobility flux

fi+1/2 = FUM(a, b) = ϕ1,i+1/2 =
λ∗1

λ∗1 + λ∗2
[q + (g1 − g2)λ∗2],

ϕ2,i+1/2 =
λ∗2

λ∗1 + λ∗2
[q + (g2 − g1)λ∗1],

λ∗` =
{

λ`(a) if ϕ`,i+1/2 > 0,
λ`(b) if ϕ`,i+1/2 ≤ 0.

Assume q ≥ 0 and phase 1 is heavier, i.e. g1 > g2.

Then q + (g1 − g2)λ∗2 ≥ 0, ϕ1,i+1/2 ≥ 0 so

λ∗1 = λ1(a),

λ∗2 =
{

λ2(a) if q + (g2 − g1)λ1(a) > 0,
λ2(b) if q + (g2 − g1)λ1(a) ≤ 0.
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Properties of the U.M. flux

• Consistency: FUM(a, a) = f(a) = ϕ1(a)

• Monotonicity: FUM

{
increasing with a,
decreasing with b

• Lipshitz–continuity (no continuous differentiability)

⇒ convergence for twophase flow (Sammon, Brenier-Jaffré)

Comparison with other numerical fluxes:

• Numerical Diffusion: Upstream Mobility
Engquist-Osher > Godunov

• Regularity: Engquist-Osher >
Godunov
Upstream Mobility

• Stability: Godunov allows the largest time steps
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Separation of phases due to gravity

A closed core sample.

gravity
?

At t = 0 phases are fully mixed : S = 0.5.

Then the heavy phase moves downward while the light phase moves
upward.
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Godunov vs upstream mobility, homogeneous case
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Discontinuous flux functions: the case of two rock types

Rock type I

φI, K I, kI
1, kI

2

f ≡ f I

Rock type II

φII, K II, kII
1 , kII

2

f ≡ f II

f =
λ1

λ1 + λ2
[q + (g1 − g2)λ2], λ` = Kk`.

f I(0) = f II(0) = 0, f I(1) = f II(1) = q.

How to calculate the interface flux F (a, b) ? f I

f II

q

0
θIIθI
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The interface Godunov flux
(with G. Cohen and G. Chavent)

S

Rock type I

a

Rock type II

b

Solve for F
G
(a, b) = FG,I(a, S) = FG,II(S, b) f II

f I

q

0

FG,I(a, ·)
FG,II(·, b)

b a
F

G
(a, b)

There is a unique number F
G
(a, b) (though S may not be unique).
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There is a unique number F
G
(a, b)

• FG,I(a, S) ↘ with S, FG,II(S, b) ↗ with S, (FG is a monotone flux).

• Im(FG,I(a, ·))
⋂

Im(FG,,II(·, b) 6= ∅ .

FG,I(a, S) ∈ [ min
[a,1]

f I,max
[0,a]

f I ], FG,II(S, b) ∈ [ min
[0,b]

f II,max
[b,1]

f II ].

min
[a,1]

f I ≤ f I(1) = q = f II(1) ≤ max
[b,1]

f II,

min
[0,b]

f II ≤ f II(0) = 0 = f I(0) ≤ max
[0,a]

f I.
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The interface Upstream Mobility flux

F
UM

(a, b) = ϕ1(a, b) =
λ∗1

λ∗1 + λ∗2
[q + (g1 − g2)λ∗2],

ϕ2(a, b) =
λ∗2

λ∗1 + λ∗2
[q + (g2 − g1)λ∗1]

with λ∗` =

 λI
`(a) if ϕ` > 0,

λII
` (b) if ϕ` ≤ 0.

Assume q ≥ 0, g1 ≥ g2 . Then ϕ1(a, b) ≥ 0 so

λ∗1 = λI
1(a)

λ∗2 =

{
λI

2(a) if q + (g2 − g1)λI
1(a) > 0,

λII
2(b) if q + (g2 − g1)λI

1(a) ≤ 0.

J. Jaffré CEA-EDF-Inria-Momas, Rocquencourt, 2005 14



Separation of phases due to gravity

A closed core sample.

gravity

KB

KT

?

λ` = Kk`

At t = 0 phases are fully mixed : S = 0.5.

Then the heavy phase moves downward while the light phase moves
upward.
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Godunov vs upstream mobility, two-rock types
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Remarks about the interface Godunov flux

T. Gimse, H. Risebro found the same solution solving the Riemann problem.

They showed that the associated Riemann problem has a unique entropy
solution.

Solve the Riemann problem by piecing together waves on the left with
nonpositive speed and waves on the right with nonnegative speed.

Kaaschieter showed that formula does not work for some intersecting fluxes:

when sign (f I)′ 6= sign (f II)′ at intersection point.

However, when it works, formula works for a larger class of flux functions.
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The new interface Godunov flux
Adimurthi-Jaffré-Veerappa Gowda (SINUM 2004)

New Godunov formula extends readily to:

F
G
(a, b) = min{f I(min{a, θI}), f II(max{θII, b})},

where θI, θII are the points where the maxima of f I, f IIare reached.

Formula generalizes previous formulas given by Chavent-Cohen-Jaffré
(1987), Gimse-Risebro (1991) valid for non-intersecting f I, f II.

Formula is a compact form of the solution given by Kaaschieter (1999).

Convergence of the associated finite volume scheme.
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With intersecting flux functions
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Two examples with different initial conditions:

• At t = 0 phases are fully mixed.

• At t = 0 phase 1 is in the top part, phase 2 is in the bottom part.
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Godunov vs upstream mobility, with intersecting flux
functions
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J. Jaffré CEA-EDF-Inria-Momas, Rocquencourt, 2005 20



Using the numerical flux for non intersecting flux functions one obtains

0
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which is wrong.
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Theoretical Results for Extended Godunov
Adimurthi-Jaffré-Veerappa Gowda, SINUM 2004.

• Main difficulty: the solution to the Riemann problem does not satisfy the
maximum principle

• Definition of an entropy condition at the interface

• A formulation for the continuous problem

• Use of singular mappings techniques (Towers) to obtain TV bounds for
the image of the finite difference solution by the singular mapping

• Convergence of the finite difference solution to the entropy satisfying
solution

• A consequence is existence and uniqueness for the continuous problem.
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What about the Upstream Mobility Flux ?

• Convergence to a weak solution

• The UM flux may fail: No convergence to the entropy solution.
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Conclusion
Pluses

• A new formula for Godunov’s flux for twophase flow

• Formula extends to problems with two rock types

• Formula makes Godunov simpler than Upstream Mobility

• Mathematical justification for Godunov

Minuses

• It is not still clear when exactly UM fails to converge (Siddhartha)

• A different technique must be used at the interface when capillarity is
introduced

• Godunov’s formula does not extend to three phases while Upstream Mobility
does
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Two-phase flow - global pressure formulation
(incompressible, without gravity)

Saturation equation
conservation of mass

of one fluid

φ
∂s

∂t
+ div ~ϕw = 0,

~ϕw =

~r︷ ︸︸ ︷
−K a(s) ~∇s +

~f︷ ︸︸ ︷
b(s)~ϕT .

in Ω

Pressure equation
conservation
of total mass

div ~ϕT = 0,

~ϕT = −K d(s) ~∇p.
in Ω
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For the saturation equation
φ
∂s

∂t
+ div ~ϕw = 0,

~ϕw =

~r︷ ︸︸ ︷
−K a(s) ~∇s +

~f︷ ︸︸ ︷
b(s)~ϕT .

The principal unknowns

s = sw the wetting phase saturation

~ϕw the flow rate of the wetting phase

The coefficients: a(s) =
kwknw

kw + knw

dpc

ds
a

s

b(s) =
kw

kw + knw

b

s
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The coefficients a(s) =
kwknw

kw + knw

dpc

ds
b(s) =

kw

kw + knw

depend on

mobilities kw and knw

kwknw

s

and capillary pressure pc.
pc

s
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For the pressure equation
div ~ϕT = 0,

~ϕT = −K d(s) ~∇p.

The principal unknowns

p = 1
2(pw + pnw) + β(s) the global pressure

~ϕT = ~ϕw + ~ϕnw the total flow rate

The coefficients β(s) =
∫ s

0

(b(s)− 1
2)

dpc

ds
β

s

d(s) = kw + knw

d

s
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Space Discretization

Mixed-hybrid finite elements for diffusion terms, Godunov methods for
advective terms

A mesh: C ∈ T the cells, E ∈ E the faces (or edges in 2-D).

1. ~ϕT and ~ϕw are calculated in the approximation space ~X

~X = {~v ∈ (L2(Ω))2 | ~v|C ∈ ~XC, C ∈ T }.

Note that functions of X are discontinuous from one cell to the other.

2. The pressure p and the saturation s are calculated as piecewise constant:

p, s ∈ M = {q ∈ L2(Ω) | q|C ∈ R}.

3. p and s are also calculated on the faces (or edges).
TP and TS approximate traces of p and s on the faces (or edges) in the
space N ⊂

∏
E∈E R.
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Raviart-Thomas elements of lowest order

gg
g A

A
A

A
A

A
A

A
A

A

�
�
�
�
�
�
�
�
�
�

w �
�*

H
HY

?

g

g
g gw

?

6

� -

w degrees of freedom for M g degrees of freedom for N

6degrees of freedom for ~X
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Discretization of the pressure equation

To follow closely the physics we are going to write cell equations and also
edge equations expressing the intercells relations.

Find ~ϕT ∈ ~X, p ∈ M,TP ∈ N satisfying.

Cell equations :

1. conservation equations
∫

C

div~ϕT =
∫

∂C

(~ϕT · ~nC) = 0, C ∈ T .

The degrees of freedom associated with the normal components appear
explicitely in the approximation equation.

2. flow rate equations∫
C

(Kd)−1~ϕT · ~v −
∫

C

p div~v +
∑

E⊂∂C

∫
E

TP ~v · ~n = 0, ~v ∈ ~XC, C ∈ T

This equation is obtained by multiplying Darcy’s law by (Kd)−1 and by test
functions ~v, and by integrating over the cell C.
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Edge equations :

3. pressure equations

Only one trace TP on each edge =⇒ continuity of the pressure over the
interior edges.

For boundary edges with Dirichlet BC EPD we have

TP = pd on E ∈ EPD.

4. velocity equations

Across interior edges, conservation =⇒ normal components of total velocity
are continuous across the interior edges.

On boundary edges with Neumann conditions EPN , the total flow rate is
given (0 here). ∑

C,∂C⊃E

∫
E

~ϕT · ~nC τ = 0, τ ∈ N, E ∈ E − EPD.
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The above method can be viewed as a finite volume method:

• Equations are written cellwise and intercell relations are expressed edge
equations.

• The scheme is cellwise conservative since∫
C

div~ϕT =
∑

E⊂∂C

∫
E

~ϕT · ~nC = 0, C ∈ T .

• When the domain is discretized with rectangular meshes with faces (or
sides) parallel to the coordinate axes, using the trapezoidal rule to calculate∫

C
(Kd)−1~ϕT · ~v, one can eliminate ~ϕT and obtain the standard cell-centered

finite volume method:

hyKi+1/2,j
pij − pi+1,j

hx
− hyKi−1/2,j

pi−1,j − pij

hx
+

hxKi,j+1/2
pij − pi,j+1

hy
− hxKi,j−1/2

pi,j−1 − pij

hy
= 0

where Ki+1/2,j is the harmonic average between Kij and Ki+1,j.
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One should also note that the mixed-hybrid finite element method is
equivalent to the mixed finite element method in the sense that the numbers
for p and ~ϕT obtained from the machine are the same for the two methods.
The difference in the formulation lies in the fact that in the mixed method the
continuity of the normal components of ~ϕT is written in the definition of the
approximation space for ~ϕT while in the mixed-hybrid method it is enforced
explicitly.

Actually our first motivation for introducing mixed-hybrid formulations was to
circumvent the difficulties involved in the solution of the linear system obtained
from the mixed method which is not positive definite. Indeed the linear system
for the pressure equations takes the form A −tDIV −tB

DIV 0 0
B 0 D

  ϕT

P
TP

 =

 FϕT

FP
FTP


One can check that the matrix A is block diagonal so one can eliminate ϕT :

ϕT = A−1[FϕT +t DIV P +t B TP].
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Then the resulting linear system is[
DIV A−1 tDIV DIV A−1 tB
B A−1 tDIV B A−1 tB + D

] [
P
TP

]
=
[

GP
GTP

]
.

Again the matrix DIV A−1 tDIV is block diagonal so we can eliminate P :

P = [ DIV A−1 tDIV ]−1 [GP - DIV A−1 tB TP ]

and we finally obtain the system

M TP = HTP.

One can show that the matrix M is symmetric positive definite.
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Discretization of the saturation equation

Proceed for the saturation equation in a similar way to that for the pressure
equation. However the saturation equation is of diffusion-convection type and
convection is often dominant. Therefore a special treatment of the convection
terms will be introduced using Godunov technics.

Again using for simplicity the same notations for continuous and
approximate functions we like to find ~rn+1 ∈ ~X, Sn+1 ∈ M,TSn+1 ∈ N
satisfying the following equations.

Cell equations :

1. conservation equations∫
C

Sn+1 − Sn

∆t
+
∫

∂C

F ∗
w = 0, C ∈ T

Quantities Fw approximate ~ϕw · ~n and are defined below.
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2. flow rate equations

We have ~ϕw = ~r + ~f(S).

For the capillary contribution ~r, we proceed as for ~ϕT .

Find rn+1 ∈ ~XC such that∫
C

K−1~rn+1 · ~v −
∫

C

α(Sn+1) div~v +
∑

E⊂∂C

∫
E

α(TSn+1) ~v · ~nC = 0, ~v ∈ ~XC, C ∈ T

Edge equations :

3. saturation equation

Again, since we introduced only one trace TS on each edge, we assumed
continuity of the saturation over the interior edges.

For Dirichlet boundary edges E ∈ ESD TS = Sd on E ∈ ESD.

4. velocity equation
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We need to define the flow rate of the wetting phase Fw on each edge.
This flow rate must be continuous across the edges in order to preserve
conservation of the wetting phase, so there is only one function Fw per edge.
It is the sum of the capillary and convective contributions :

Fw = ~rn+1 · ~nC + Fn. (1)

To approximate convection Fn we use Godunov type methods. F , which
approximates ~f · ~nC, is a numerical flux calculated along the normal to the
edge with an exact or approximate Riemann solver: F = F (Sl, Sr).

A
A

A
A

A
A

A
A

A
A

�
�
�
�
�
�
�
�
�
�

Srt
SlC

���*

~nC

F = F (Sl, Sr) ∼ ~f · ~nC

Since F is uniquely defined (modulo the sign) on the edge and it has to be
the same for Fw to preserve conservation of the wetting phase, this implies
that the normal components of ~r must be continuous across the interior
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edges :
∑

C,∂C⊃E

∫
E

~r · ~nC τ = 0, τ ∈ N,E ∈
◦
E where

◦
E denotes the set of

interior edges.

Finally if we have a given flow rate for the wetting phase, say equal to 0, on
the boudary edges which do not belong to ESD we write simply

Fw = 0 on E ∈ E \ ESD, E ⊂ ∂Ω (2)

and the normal components of ~r
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In a medium with 2 rock types

the porosity φ, absolute permeability K, the mobilities kw, knw and the
capillary pressure pc are different from one rock type to the other.

Ω1

φ1, K1

kw1, knw1, pc1

Ω2

φ2, K2

kw2, knw2, pc2

γ

pc

s

pc(s) = J(s)

√
φ

K

s∗
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At an interface between 2 rock types

physical requirements
pw1 = pw2 pnw1 = pnw2

~ϕw1 · ~n = ~ϕw2 · ~n ~ϕnw1 · ~n = ~ϕnw2 · ~n

pressure equation
p1 − β1(s1) = p2 − β2(s2) ⇔

1
2(pw1 + pnw1)

= 1
2(pw2 + pnw2)

~ϕT1 · ~n = ~ϕT2 · ~n

p1 6=p2

saturation equation

pc1(s1) = pc2(s2) if 0 < s1 < s∗ (rock 1 with higher

s2 = 1 if s∗ ≤ s1 ≤ 1 permeability)

~ϕw1 · ~n = ~ϕw2 · ~n

s1 6=s2
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Numerical experiment - without convection
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Numerical experiment - with convection

�������)
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PPPPPPPq

high
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6 6 6 6

injected fluid less viscous
s

pc(s) = J(s)
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Without capillary effects

With capillary effects
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Les perméabilités amont sont aussi utilisées pour calculer
la diffusion.

Un exemple: les équations diphasiques en hydrogéologie

Conservation de la masse
de chaque phase φ

∂ρisi

∂t
+ div ρi~ϕi = 0, i = w, a

Darcy’s law ~ϕi = −K
kri

µi

~∇(pi − ρigz), i = w, a

Les phases occupent tout
le volumes de pore sw + sa = 1

La pression capillaire pc = pa − pw

Les densités ρw = cste, ρa = ca pa

Eau incompressible, air faiblement compressible, µa/µw ≈ 10.
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Approximation de Richards

pa = constante = pression atmosphérique =⇒ ~∇pw = − ~∇pc et l’équation
de conservation en air disparait.

En notant s = sw le système se réduit à l’équation de conservation en eau:

φ
∂s

∂t
+ div ~ϕw = 0,

~ϕw = −Kkw(s) ~∇(−pc(s)− ρwgz).

Dans cette équation on a

• un terme de diffusion capillaire div
(
−Kkw(s) ~∇(−pc(s))

)
• un terme d’advection par gravité div

(
Kkw(s) ~∇(ρwgz)

)
.
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Equation de Richards

On réécrit l’équation de conservation de l’eau sous la forme

∂

θ︷︸︸︷
φs

∂t
+ div ~ϕw = 0, ~ϕw = −Kkwρwg︸ ︷︷ ︸

k

~∇(
pw

ρwg︸︷︷︸
−Ψ

−z)).

• θ, teneur en eau (water content) volumique
• Ψ, potentiel matriciel (pressure head)
• k, conductivité hydraulique

L’équation de Richards s’écrit communément

∂θ

∂t
+ div k ~∇(Ψ− z) = 0.
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Concernant le terme de diffusion capillaire, on notera que dans le modèle
de Van Genuchten que l’on utilise

pc(s) =
1
α

((
s− sr

1.− sr

)− 1
m

− 1

)1
n

, n = 2,m = 1− 1
n

=
1
2
, sr = 0.2,

la dérivée de la pression capillaire en s = 1, donc le coefficient de diffusion, est
infinie.

pc

s

pc

s
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Un problème simple en dimension 1

On choisit 0 ≤ x = z ≤ L. L’équation s’écrit

φ
∂s

∂t
+

∂

∂z

(
−Kkw(s)

∂

∂z
(−pc(s)− ρwgz)

)
= 0

avec en z = 0, ϕw = ϕwd, et en z = L, s = 1. ?

s

s

z = 0, ϕw = ϕwd

z = L, s = 1

Cherchons l’état stationnaire correspondant à ϕwd = 0. Il vérifie
∂

∂z

(
−Kkw(s)

∂

∂z
(−pc(s)− ρwgz)

)
= 0, c.a.d.

−Kkw(s)
∂

∂z
(−pc(s)− ρwgz) = cste = 0 car en z = 0, ϕw = 0.

Comme kw 6= 0 (si s 6= 0), cela implique
∂

∂z
(−pc(s)− ρwgz) = 0 ou

−pc(s)− ρwgz = cste = −ρwgL, car en z = L, pc = 0.

Finalement pc(s) = ρwg(L− z).
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Discrétisation

0y
1/2

y1
3/2

· · ·

· · · i − 1/2

yi
i + 1/2

· · ·

· · · Nx − 1/2

yNx Nx + 1

Nx + 1/2

y

On utilise un schéma d’Euler implicite pour la diffusion, explicite pour
l’advection, avec décentrage amont pour l’advection :

φ
sn+1

i − sn
i

∆t
+ ϕn∗

w,i+1/2 − ϕn∗
w,i−1/2 = 0, i = 1, · · · , Nx,

ϕn∗
w,1/2 = Kkw(sn+1

1 )
pc(sn+1

1 )− pc(sn+1
0 )

h/2
+ Kρwgkw(sn

0 ),

ϕn∗
w,i+1/2 = (Kkw)H,n+1

i+1/2

pc(sn+1
i+1 )− pc(sn+1

i )
h

+ Kρwgkw(sn
i ), i = 2, · · · , Nx− 1,

ϕn∗
w,Nx+1/2 = Kkw(sn+1

Nx )
pc(sn+1

Nx+1)− pc(sn+1
Nx )

h/2
+ Kρwgkw(sn

Nx).

(Kkw)H,n+1
i+1/2 est la moyenne harmonique entre Kkw(sn+1

i ) et Kkw(sn+1
i+1 ).
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En calculant l’état stationnaire, compte tenu de la condition au bord x = 0,
on obtient ϕn∗

w,i+1/2 = 0, i = 0, · · · , Nx.

En utilisant la condition au bord x = L, s = 1, on obtient

pc,Nx+1 = 0, pc,Nx =
h

2
ρwg.

Puis pc,i+1 − pc,i = −hρwg
kw,i+1 + kw,i

2kw,i+1
, i = 2, · · · , Nx− 1,

pc,1 − pc,0 = −h

2
ρwg

kw,0

kw,1
.

On voit donc que la linéarité de pc n’est pas respectée à cause de la façon
de calculer les coefficients non-linéaires.

Au contraire, si toutes les perméabilités sont calculées en utilisant les
perméabilités amont, alors la linéarité des pressions capillaires sera respectée.
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Influence du choix des perméabilités
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J. Jaffré CEA-EDF-Inria-Momas, Rocquencourt, 2005 53


