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Porous media have properties with heterogeneitieson seweral length scales. It is
possibleto use upscaled or homogenizedmodels in which the e ectiv e properties of
the medium vary on a coarsescalesuitable for e cien t computation, but that accu-
rately capture the in uence of the ne-scale structure on the coarse-scaleproperties
of the solution. Numerical homogenization has proven its value in studying multi-
phasesubsurface o w in heterogeneousporous media in geohydrology and petroleum
engineering applications. We are concernedwith approximating e ectiv e permeabil-
ity for such problems using conforming and mixed nite elemerts methods. This
paper preserts an OOP (Ob ject Oriented Programming) approach for design of nu-
merical homogenization programs. General organization of the developed software
system, called JHomogenizer, is given which includes the solver and the pre/p ost
processorswith a user-friendly Graphical User Interface (GUI). It currently includes
v e functional modulesto compute e ectiv e permeability and simples code for com-
puting solutions for o w in porous media. Examples with graphical output are used
to illustrate some functionalities of the program. The software is freely available
and the open architecture of the program facilitates further development and adap-
tation to suit specic needseasily and quickly. Moreover, the user interface has
provento be easyto useand exible. A seriesof numerical examples demonstrates
the e ectiv enessof the methodology for two-phase o w in heterogeneousresenoirs.
Keyw ords: numerical homogenization, upscaling, heterogeneousporous media,
two-phase o w
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1. Intro duction

The mathematics and modeling of ow in porous media is playing an in-
creasingly important role in the forecasting of petroleum resenoir performance,
groundwater supply and subsurfacecontaminant o w. The useof numerical mod-
elsfor studying multiphase ow in heterogeneougporous media hasreceived con-
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siderable attention for seweral decades.Besidesits importance in the petroleum
industry, where secondary(and tertiary) oil recovery techniques are studied, en-
vironmental challengessud as tracking radioactive or other potentially harmful

substancesin groundwater are certral issues. Understanding the groundwater
ow of contaminants is crucial in remediation of soils or in the choice of appro-
priate sites for the disposal of nuclear or chemical wastesso that water supplies
are not contaminated. Howewver, even with increasesin the power of computers,
a critical underlying problem in the numerical treatment of these models is the

multiscale structure of heterogeneousgeological formations. Speci cally, fully

resolved simulations are computationally intractable becausethe length scales
typically obsened in sedimenary laminae range from the millimeter scale up-

ward, while the simulation domain may be on the order of seweral kilometers.
The complexity of this problem is further compounded by the increasing use
of geostatistical techniques to compensate for the sparsity and uncertainty of
eld data through the generation of a large number of ne-scale realizations of
a particular heterogeneousstructure. Fortunately, in many casesthe physical
measuremets that can be made, or that are of interest, are not on the ne scale
(e.g., pore scale)but are on an intermediate or even coarsescale. Hence,there is
considerableinterest in the developmert of upscaledor homogenizedmodels in

which the e ectiv e properties of the medium vary on a coarsescalesuitable for

e cien t computation, but that accurately capture the in uence of the ne-scale
structure on the coarse-scalgroperties of the solution. The main motivation for

homogenizingmultiphase o ws comesfrom the needfor upscaling the geological
characteristics of the resenoir under two conditions. The rst occurswhenit is
necessaryto build data for numerical simulators from geologicaldata. The ertire

resenoir sizeis usually on the order of sewral kilometers, and the meshsizein

simulators is of the order of 10 meters. Thus, there are clearly two scales,the

geologicalscaleand the computational mesh scale,and for e ectiv e parameters
on any given computational mesh,we needa way to upscalethe geologicaldata.

The secondmight happen during numerical simulations when, for numerical pur-

poses,t is necessaryto coarsenmeshes.In this situation there are alsotwo scales,
and it is necessaryto build the data for the coarsemeshfrom the ne mesh. The

determination of the e ectiv e properties of heterogeneougporous media hasbeen
a problem of interest for many years and many methods have been developed.
There is an extensiwve literature on this subject. We will not attempt a literature

review here, but merely mention a few references.Here we restrict ourselfto the

mathematical homogenization method as described in [21] and [29] for ow in

porous media. For recert reviews on other upscaling methods, seefor instance
[20] and the bibliography therein.

The objective of homogenizationis to replacethe governing equationsby a
simpler set of equations for which the solution can be resolved on a reasonable
coarse-scalanesh and approximates the averagebehavior of the solution of the
governing equations. In its simplest form, one replacesthe coe cien ts of the
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governing equations with an e ective or macroscopiccoe cien ts. For a more
advanced presenation of homogenization, the reader is referred to the classical
books [8], [11], [19], [22], [32]. An extensive collection of applications to porous
media can be found in [21].

In the presert paper, we will focus on computation of e ectiv e permeabil-
ity for moderately heterogeneousmedia obtained via homogenization within a
user friendly computational tool, JHomogenizer. Each homogenization method
leadsto the de nition of a global or e ective model of a homogeneougesenoir
de ned by the computed e ectiv e coe cien ts. Homogenization methods allow
the determination of these e ectiv e coe cien ts from knowledge of the geometri-
cal structure of a basic cell and its heterogeneitiesby solving appropriate local
problems. The technique is basedon numerics. We assumethat data given on
a ne grid fully represerts the important physical scalesand that a practical
computational grid must be somewhatcoarser. That is, perhaps someother ho-
mogenization technique has upscaledthe problem to a reasonable ne scale,but
this ne scaleis still not practical from a computational point of view.

In the homogenizationmethods described and implemented in this work we
use conforming and mixed nite elemens to compute approximate solutions of
the local problems usedin the calculation of the e ectiv e permeability. One of
the signi cant requiremerts in the designof a nite elemert structural analysis
program is the ability to store, retrieve, and processdata that may be complex
and varied. To usersof such programs, it is important not only to have pow-
erful numerical homogenization solvers, but alsoto work with a \user friendly"
graphical interface. On the other hand, realistic problems have grown in sizeand
complexity. Consequetly, the size and complexity of computer codes have also
grown. The dewvelopmert of re-usable,modular, platform independent computer
code is prudent in any programming strategy.

The primary goal of this paper is to illustrate the practical application of
an Object Oriented Programming (OOP) approad in the developmert and im-
plementation of upscaling techniques. Developmen of user-friendly and exible
scienti ¢ programsis a keyto their usage,extensionand maintenance. This paper
preseris an OOP basedcomputational ervironment for upscalingprograms. Gen-
eral organization of the developed software system, called JHomogenizer,is given
which includes the solver and the pre/p ost processorswith a user-friendly GUI.
Exampleswith graphical visualization of results are usedto illustrate functional-
ity of the program. The software is freely available for researt and educational
purposes.The open architecture of the program facilitates further developmerts
and adapts to suit speci ¢ needseasily and quickly. Moreover, the proposeduser
interface has proved to be satisfactory and exible. This paper presens a brief
description of the JHomogenizerapplication. It includes v e functional modules
to compute e ectiv e permeability and a simple set of objects for simulation of
oW in porous media.

The outline of the rest of the paper is as follows. In the next Section, we
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preser a short description of the methods usedfor computing the e ectiv e per-
meability of a heterogeneousegion. The methods require the numerical solution

of partial di erential equations. The rst three upscalingtechniquesare basedon
solving a linear secondorder divergenceform elliptic problem (Darcy's equation)
subject to somespeci ¢ boundary conditions. The rst of theseinvolvesperiodic
boundary conditions, the secondlinear boundary conditions and the third con-
ned boundary conditions. The e ectiv e permeability tensor is itself symmetric
and positive de nite, just asin the ne scale. Even if the original permeability
tensor is diagonal, the e ectiv e permeability is, in general, a full tensor. The

o -diagonal terms of the e ective permeability tensor are signi cant in many
cases. The fourth upscaling technique deals with the so-calleddouble porosity
model for describing single-phase o ws in fractured porous media (see,e.g., [4]).

The approximation of the homogenizedtensor require the numerical resolution of
local problemsin the fracture domain with periodic boundary conditions on the
exterior boundary and a no- ow Neumann condition on the interface betweenthe
matrix and the fracture blocks. A standard conforming nite elemen method

[18] is used for the solutions of the rst and the fourth methods. We use con-
forming and mixed nite elemerts (see,e.g.,[18], [17], [31]) for the calculation of
the e ectiv e coe cien ts obtained in the secondand third methods. The fth ap-
proach implemented in the software involvesthe useof a wavelet characterization

for the computation of e ectiv e parameters as described in [27], [28], and [24].
The fast wavelet transforms developed makes the computation more e cien t.

Section 3 cortains a brief description of the JHomogenizertool. We explain the
basic structure of the software and how new solvers/models can be addedto the
interface. Even though large parts of JHomogenizerare documerted here, this

paper is not a manual or tutorial but rather a description of the choiceswe made
to build the software. We would like to point out that one of our purposesis to

explore the useof Java for providing an e cien t open sourcelibrary for education
and researt. A selectionof numerical examplesare preseried in Section4. We
give the results of computation of the e ectiv e permeability by various methods
and numerical simulations for miscible and immiscible two-phase o w comparing
ne-grid simulations in heterogeneouamnedia with simulations in their homoge-
neous(e ectiv e) counterparts. Finally, conclusionsand future developmerts are
discussedin Section5.

2. Numerical homogenization techniques for o w in porous media

We consider the model problem of incompressibletwo-phase ow in mod-
erately heterogeneousmedia. For instance in [12], using homogenizationtheory,
the casewhere the phase permeabilities and the capillary pressuresare identi-
cal in all parts of the medium was investigated. It was then shown, that the
homogenizedmodel has the sameform as the intial model and then de ning
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e ectiv e parameters makes sense. These methods are based on computing the
averageof either the energyor the ux on a Represettativ e Elemertary Volume
(REV) with someboundary conditions; for instance periodic, Dirichlet, or Neu-
mann boundary conditions. These approximation proceduresare widely usedin
the engineeringliterature (seefor instance [30]). We refer to [16] for a rigourous
mathematical justi cation for the cornvergenceof these methods usedto approx-
imate the e ectiv e tensor of random stationary media. The estimate of the rates
of these approximations is also given.

2.1. Periodic boundary conditions

Let IRY: d = 1;2; or 3, be a bounded domain with a periodic structure.
More precisely we shall scalethis periodic structure by a parameter” which repre-
serts the ratio of the cell sizeto the sizeof the wholeregion and we assumethat

<9

0< " 1in adecreasingsequencegending to zero. Let Y = ]0 yi[ represen

the microscopicdomain of the basiccell. Assumethat in suc acon guration the
absolute permeability tensor depends only on the microscopic variable y = x="
where x is the variable in the macroscopicscale. Namely K “(x) = K (x=") with
K a Y -periodic function in y. Assumethat K is a symmetric, strictly positive
de nite, tensor. Then K, the e ectiv e permeability, is given by
z
(Kp)i :J_Yij KO wi+ & l:r w + gldy 1 ij d (21)

with w;j; j = 1;::;d, the solution of the so-calledlocal or cell problem de ned
by:

w; 2 HX(Y) =R
g (K (y)(r wi+&)=0 in Y (2.2)

Here 'ej is the j'[h standard basis vector of IRY. We denote by Cg (Y) the space
of in nitely di erentiable functions in IRY that are periodic of period Y. Then
HJ(Y) is the completion for the norm of H(Y) of C; (Y). A variational formu-
lation of the problem (2.1) is

(
Wi 2 Hi(Y) =R R | (2.3)
yKMrwrvdy = K(y)gr vdy 8v2 Hi(Y) =R:
This problem has a unique solution cf. [11]. The computation of w; has been
performed by a conforming nite elemen method. A classicalQ; interpolation
yields an approximation to the spaceH g(Y) =R (cf. [18]), for more details seg[1].
The problem is then reducedto d = 2;3 computational linear algebra problems
all with the samecoe cien t matrix; only the right hand side is di erent in the
linear systems.
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2.2. Linear boundary conditions

In this section we outline the homogenization method used for the deter-
mination of the e ectiv e permeability of heterogeneougesenoir regionswithout
any periodic assumptionon the microstructure. In the engineeringliterature, this
method is known as the REV method [10] and could be seenas the stochastic
homogenizationof a stationary and ergadic random eld (see[14] and the refer-
encestherein). The limit asthe \v olume of homogenization" (coarsegrid block)
tendsto in nit y is exactly the homogenizedimit in a stationary and ergadic ran-
dom eld (seel6], [7]). In the multi-dimensional case,to compute the e ective
permeability tensor, K, , we have to solve the local problemsfor j = 1;:::;d

r [Krpl=0 in Y

p=y; on @ @4)

wherey; is the j t coordinate.
Solving theselocal problemsgivesthe following expressiorfor the coe cien ts
of the tensor K :
1 2
(Ky)ij =7 KMWrperppdy 1 0 d (2.5)
i v
Both conforming and mixed nite elemeris may be usedto solve the local prob-
lems (2.4) and compute approximations from above and below of the e ective
permeability, respectively (cf. [3]). Linear boundary conditions are corveniert,
particularly in complicated geometrieswith non-rectangular coarsegrid cells.

Remark 2.1. Note that the equation governing the local problems is the same
in the periodic and linear boundary homogenization method but the boundary
conditions are di erent. The local problem (2.4) could by written in the form:

r K@) (rw+&)=0 in Y

wj=0 on @ (2.6)

wherew; = p;  yj. Then
1 z I I
(Ky)ij = Vi v K(Y)[r wi + &]:[r wj + &]dy 1 k) d (27
The approadc usedherehasthe advantage of being applicableto realistic complex
heterogeneousesenoirs with unstructured grids.

2.3. Con ned boundary conditions

This technique considersead coarsegrid cell separatelyand performsthree
independert ow problemswith no- ow boundary conditions on four sidesof the
cell and constart pressureconditions on two opposing faces. Consider a domain
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Figure 1. A represenativ e volume elemernt Y.

containing ne-scale microscopicgrid blocks, asshown in Figure 1. The e ective
permeability tensor, K., is givenfor i = 1;:::;d by:

Z
1 ,
(Kui = — KWr Wi:'ei dy; 1 i d; (2.8)
YT v
with w;; i = 1;:::;d, the solution of the local problem de ned by:
g r :[KMrwl]=0 in Y
K(y)rw; ~=0 on S (2.9)

wi=y; on @nS:

where S; is a union of facesof the block Y parallel to y; axis and ~ is the outward
normal to @;. Again both conforming and mixed nite elemens methods may
be usedto solve the local problems (2.9). Note that this technique leadsto a
diagonal e ectiv e permeability tensor.

Remark 2.2. It is well known that the e ectiv e permeability is betweenthe har-
monic and the arithmetic averages. Furthermore, using the minimization prob-
lems assaiated to the variational formulation of the local problems (2.2), (2.4)
and (2.9), it is easyto shaw, seefor instance [3], that we have for i = 1;::;d:
(Ke)i  (Ky)i and (Kp)i (K )ii -

2.4. A fractured porous medium

This section is dewoted to computing e ective permeability for a double-
porosity model describing single-phase o ws in a fractured porous medium. We
considera periodic porous medium where the rescaledunit cell Y is made of two
complemenary parts, the matrix block Yy, and the fracture set Y;. The matrix
block is assumedto be completely surrounded by the fracture set, i.e., Yy, is
strictly included in Y (seeFigure 4). One of the main featuresof such a model is



8 B. Amaziane and J.V. Koeble / JHomogenizer: a computational tool for upsaling ...

to have a high contrast ratio betweenthe permeability tensorin the matrix region
and in the ssures systemthrough/around the matrix, leadingto a high contrast
for the corresponding characteristic times. The homogenizedglobal model is also
of parabolic type with a non local term which could be seenas a sourceterm or
asatime delay (seefor instance [4], [5]) with e ectiv e permeability de ned by:

1 .
(Ke)ij = — K (Y)[rwi+el:[rw+ &]dy 1 i) d (2.10)
YT v
wherew;; j = 1;::;d is the unique solution of the following cell problem:
ng 2 HF}(Y) =R
roK(y)(rwi+8&)=0 in Y (2.11)

CIK)(rw + &) ~=0 in @

As in the previous section, the e ective permeability tensor is determined by
solving the local problems (2.11) via a conforming nite elemens method.

2.5. Waveletsand homayenization

In this sectiona brief description of an analogy betweenhomogenizationand
wavelet represertation will be given. More details of the analogg are givenin [27],
[28], and [24]. These papers showv how to characterize standard homogenization
via wavelet represenation. The wavelet basedmethods currently included with
the JHomogenizertool are basedon the wavelet analogy described here and in
the references.

The analogy will be illustrated in one dimension for easeof preseration.
Assumethat the coe cien t, k(x), for the elliptic problem

d  .dh
K0 =T X200

with appropriate boundary conditions is a piecewiseconstart function. Also
assumethat the coe cien t function is de ned on 2™ equally sized subintervals
of the entire domain. One might imagine that somefunction k(x) is sampledat
2™ equally spacedpoints. The idea is to dewelop a transform method that can
be usedto compute the correct homogenizedvalue for k(x).

The next stepis to compute the solution of a local problem using two neigh-
boring samplesof k(x); for example,we may chooseto solveforj = 1;2;:::;2™ 1
the local problems

d dw; d
ki I = ki
dy i (Y) dy dy i (Y)
with g
< ky ;0 vy 1=2

Ki(y)=. kgj+1 ; 122 y 1
0 ; otherwise
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and periodic boundary conditions, w;(0) = w;(1) = 0. This de nition givesa
total of 2™ ! local problemsto solve. Once the problems have been solved the
homogenizedvalue for a pair can be computed using
Z,
dw;
k' = ki(y)d+ —2)dy:
: . i (y)( dy )dy

It paysto de ne level estimates

8
< ki ;0 y 1=2
kij(y)=. kigj+1 5 1722y 1
" 0 ; otherwise
and
21 dw

L= . + (B .
kg =g (D@ + =gdy:
With these de nitions it is not a dicult task to dewelop a fast wavelet based
transform for computing a homogenizedvalue for the erntire region asde ned in
[27], [28], and [24].

To do this in a computationally e ective way we would needto know the
solutions of the local problems. Fortunately, in one dimension the local problem
de ned above admits a solution of the f%rm

Kigj+1  Kigj < y 0y 1=

wiy)= —=——= 1 vy ;122 y 1
! Kigi + Kizje1 ' : otherwise
with piecewisederivative given by
8
1;0 vy 1=2
d Ki:oj Kjpi < :
G = T 112y 1 (212)
y 12 Zi+1 © 0 :  otherwise.

For those familiar with waveletsit is easyto seethat the derivative of the so-
lution (a pieceswiseconstart function) is a scaledHaar wavelet. The scalingis
a nonlinear combination of the two neighboring sample values or homogenized
valuesfrom the previous level.

One should note that the wavelet characterization is basedon the solution
of the local problem that results from performing the perturbation analysis in
the homogenizationprocedure. Thus the wavelet characterization will changeas
the homogenizationmethod changes.

The extension to multiple dimensionsis conceptually very easy Instead
of solving the local problem de ned on two cells in one dimension. The local
problem must be de ned on multidimensional analogs of the one dimensional
work shawn above. For the two dimensional case,an analytic solution for a local
problem dened on a2 2 set of cells must be computed. Once the analytic
solution of this problem is obtained, a fast wavelet transform can be created
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Figure 2. The main JHomogenizer Graphical User Interface asit appearson the screen.

using the analogousaveraging formula for multidimensional problems. Details
for the multidimensional casesare cortained in [28] and [24].

3. A brief description of the JHomogenizer tool

The JHomogenizertool provides a computational environment for the com-
parison of homogenizationmethods. The Graphical UserInterface (GUI) is shovn
in Figure 2. The GUI is written in Java to provide somelevel of platform in-
dependenceand interacts with Java objects that implement dierent methods
of homogenization. Someaveraging methods are implemented directly into Java
objects while other methods are implemented in native codes (e.g, f77, f90, and
C) and connectedto Java objects through objects that spavn external processes
that run the native code. The averaging objects are passeda data set and then
turned looseon the data to compute an averagevalue basedon the homogeniza-
tion method employed by the object. Using multi-threading within Java, the
averaging object spawns a thread to compute the e ectiv e value in parallel to
other computations being done within the GUI.

For the most part the padkageis self-cortained. The software can be down-
loaded (seebelow), compiled, and run with a minor amount of work. There are
someparts of the padkage (codesfor someaveraging methods) of the distribution
that are written in various native language (e.g., Fortran 77, Fortran 90) that
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Table 1
Methods currently implemented in the JHomogenizer package.

| Method Name: Language: Description: |

Arithmetic Average Java

Harmonic Average Java

Geometric Average Java

Periodic Homogenization (HomCode) Fortran 77 Section 2.1
Linear Boundary Conditions (LBC) Fortran 90 Section 2.2
Con ned Boundary Conditions (CBC) Fortran 90 Section 2.3
Periodic Fractured Media Homogenization Fortran 77 Section 2.4
Periodic Homogenization via Wavelets - 2d Java Section 2.5
Linear Boundary Condition via Wavelets- 2d  Java Section 2.5

needto be compiled if the user wants to usethe homogenizationmethod imple-

mented into the native code. This meansthat in order to usethese methods the

usermust have appropriate compilerson their local machinesto compile the code
to createexecutablesthat canbe accessedy the interface. A suite of executables
is being assenbled for various platforms, such as Linux and Windows platforms.

These can be downloaded and tried, but there is no guarantee that these will

function on every computer. Nativ e codesshould be compiledinto a static image
as discussedin [26].

3.1. Methods of homagenization implemented

The tool has a number of homogenization methods implemerted in either
Java or somenative programming language(e.g., Fortran 77 and C/C++) that
can be useddirectly in the tool. When the interface is started the methods that
are available will appearin alist in the upper left hand portion of the application
asshown in Figure 2. The list of methods at the time of the writing of this paper
are cortained in Table 1.

Each of the methods hasbeentested to make surethat the appropriate input
and output works. Resultsfrom thesetests can be found at [25]. Over time more
methods will be incorporated into the padkagefor comparisonpurposes.Usersof
the padkagewho wish to include additional methods for averaging canimplement
their methods and include the averaging methods using instructions outlined in
the User's Guide, [26], for the padkage. It is hoped that individuals will submit
their own methods for inclusion in the padkagein future releasesof the padkage.

3.1.1. Adding averaging objects

Usersof the JHomogenizertool can add averaging objects to the JHomog-
enizertool that are written in Java or in other languages.The details of how to
add averaging objects are preserted in the JHomogenizerUser Guide, [26], that
can be downloaded from the web site [25].
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If a userwould like to implement a homogenization method in a Java av-
eraging object the work is not too dicult aslong asthe useris familiar with
C syntax. An abstract object called AverageOlject has beencreated and is the
abstract interface neededto create an o cial JHomogenizerobject. Howewer, it
is much easierto make a copy of an existing averaging object (e.g., Arithmeti-
cAverageOlject in the le ArithmeticAv erageOhect.java) and make appropriate
modi cations of the copy. The name of the le must match the name of the new
averaging object. For example, if one implemernted a new method named Best-
FitMetho d, then the le name should be BestFitMetho d.java. One could copy
ArithmeticAv erageOlect.java changedto BestFitMetho d.java using the appro-
priate command on their computer. The main chore after this is to modify
the computeValue() method in the new le sothat the desired homogenization
method is implemented. Note that if this method is chosen,the object can be
compiled and executedon a test problem asa stand-alonejava application before
the method is included in the JHomogenizertool.

To implement a native code object the work is slightly more involved. The
userwill needto match the input and output structure asdescribedin [26]. The
interface will produce a le in a specic format and expects the output from
the native code in the sameformat. Once the input/output formats match a
java object must be created to communicate between the native code and the
interface. The details of this construction are given in [26].

3.2. MapEditor tool

There are two basic meansfor getting data setsinto the interface. The rst
is accomplishedby importing a map using the interface. The map must adhereto
the input speci cations asdescribedin [26]. The other method is to createa map
using the MapEditor tool. This tool allows the userto specify parametersthat
de ne a map sud as number of blocks in the coordinate directions, the badk-
ground map value, and soon. A few tools for creating \realistic" permeability
maps have beenincluded in the JHomogenizertool (e.g, a Kriging option exists).

3.3. Map hierarchy

The interface implements a tree like hierarchy in dealing with the maps.
When a new map is loadedinto the interface or created by the MapEditor tools
it is treated asa level 0 map and will appear in the top most list of mapsin the
interface. Any maps created via homogenizationor using the elliptic solver em-
beddedin the interface are consideredassaiated maps and appear in lists belov
the level 0 maps. For example,if an original heterogeneousnap is imported into
the interface and a homogenizationis performed. The output of the homogeniza-
tion will be a map that is assaiated with the original. The new map will appear
in the level 1 list of mapsin the interface.
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If the user savesthe work performed on a map the original map and all
assaiated maps are saved. The next time the original map is loaded into the
interface, all assaiated maps are also loaded into the interface and appear in
the map lists in the interface. This allows the user the ability to go badk and
continue working on all mapsin the data structure at a later time. In particular,
as more homogenization methods are added to the interface, a user will be able
to go badk to previous work and compare new methods to prior results without
recomputing previous results.

3.4. Performing homagenization on a map

Once a map has beenloaded into the interface the stepsto compute a ho-
mogenizedversion of the data are few. First, one clicks on the name of the map
in the lists that appear in the interfact. Next, the user speci es the number of
homogenizedblocks that are desiredin the output le. This refersto the number
of blocks in ead coordinate direction the user wants in the output (homoge-
nized/coarse) map. For example, if the initial map is 100 100 2 and the user
wants a coarserscalemap with dimensions10 10 1 then the user needsto
enter the last set of dimensionsinto the interface in the given text elds. These
are the text elds below the \HomogeneousMap Dimensions” label. Finally, the
user clicks on a method of homogenizationin the list of available methods in the
upper left hand corner of the GUI and then clicks on Homogenize! button.

As the calculations progressoutput will be sert to a text window on the
screen. If the homogenizationis successfulthe user will be prompted for a new
map name for the resulting homogenizedmap and the homogenizedmap will be
added as a map assaiated with the original ner scalemap. This mapisin turn
available for analysis. In addition, the new map can be exported to a le to be
usedasinput to other programs.

3.5. Elliptic solution comparison and ow simulation

It is important to have someidea of how various homogenization methods
e ect the behavior of the map. A simple set of objects for computing solutions
for ow in porousmediahave beenimplemented. The rst object, EllipticRectM-
FEObject, computesthe solution of the ow equation (Darcy's law) where the
permeability is de ned by the valuesin any map le currently in the GUIL. To
compute the approximation solution of this equation for a given map, all one
needsto do is selectthe map from the lists of available maps and click on the
Elliptic Solver button. The equationis solved approximately via a lowestorder
mixed nite elemen method asimplemerted in [23].

Once the elliptic problem has been solved, transport through the porous
media can be simulated. A secondobject, UpwindSaturationOb ject, that uses
simple upwinding to approximate the solution of the transport equation is avail-
able. One may think of this as a simulation of a linear o od in a two-phase
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immiscible displacemen problem. The upwinding producessomelevel of numer-
ical di usion. Howewer, the simple simulation givessomeidea of the e ect of the
homogenizationon a typical ow problem, albeit very simple.

3.6. Other useful features

During the dewelopmert of the JHomogenizertool a number of useful fea-
tures have been added to the GUI. Some of these features have been added to
the JHomogenizerGUI and somehave beenadded to the MapEditor tool. The
following lists documerts some,but not all of these additional features.

1. The elliptic solver allows for the userto selectfrom point sourceforcing and a
selectionof simple boundary conditions. This will allow the userto visualize
ow through a porous medium in seeral directions.

2. Maps of appropriate dimension can be connectedtogether. This has been
helpful in computing homogenizedvalues in subregionsand then creating
domains that connect the homogenizedvalues in the subregionstogether
again. Examplesthat usethis feature can be found at [25].

3. For thosewho would like to upscalea number of les of the samesizea batch
homogenizationfeature wasadded. Problemsthat require homogenizationof
a number of stochastic realizations of the samemap would certainly benet
from this feature. All the userneedsto do is to identify the folder where the
realizations reside and the JHomogenizertool will do the rest.

4. The GUI allows the userto save imagesinto les. Currently this is done
in a PPM format. Howewer, in the near future, a GIF89 encading will be
included.

5. The GUI allows the userto compareup to three di erent ow results at once.
This allows for the comparisonof up to three homogenizationmethods at the
sametime.

6. In most casespeople will want to documert results. To this end a feature
has beenadded to the MapEditor tool that will write the map le data in
HTML and latex formats.

7. The MapEditor tool hasa number of cannedmethods for generating speci ¢
maps. There options to create uniform, normal, log-normal, and fracture
mapswith userde ned properties. In addition, options for kriging and other
stochastically generatedmaps are included.

It is not practical to include all details of the featuresincluded in the JHomoge-
nizer tool. The details can be found in [26]. This document can be downloaded
as described below.
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3.7. How to getthe JHomogenizer tool

The JHomogenizerpadkagecan be downloadedfrom [25]for Unix, Windows,
and Macintosh platforms. The padage is contained in a compressedarchive
format in formats compatible with various operating systems. The appropriate
Java Runtime Environment (JRE) is bundled with the pacage. The pacagealso
includes the sourcecode, User Guide [26], and example map les. The padkage
is about 80Mbytes in size.

Questionsand problems can be sert via e-mail to the secondauthor of this
paper. The web site will include a FAQ section along with a section on updates
and patchesand xes applied to the software as needed. The software is freely
available for researd and educational purposes. For commercial application,
usersshould contact the secondauthor.

4. Numerical examples

In this sectiona number of standard idealized and realistic bendhmark prob-
lems are preseried to shov how the JHomogenizertool can be usedin testing
and comparing homogenization methods. Each section describesresults from a
single test problem along with results from homogenization methods. The rst
two sectionscortain standard periodic test problems using a symmetric cell and
the inverted-L cell (see[2]) and are included for completeness. The rest of the
sectionsgive results for more realistic problems from porous media ow and one
example of a heat di usion problem that results related to optimal designfor a
optimized heating elemen for a microarray.

Each section gives a selection of results assaiated with using various ho-
mogenization methods on the test problems. It is not practical to presen all
results for all problems. Therefore, a set of results will be given to demonstrate
how the JHomogenizertool can be usedto understand the useof homogenization
methods. The stepsusedwithin the JHomogenizertool can be found at [25]. Re-
sults found on this web site include map les that can be usedasinput to various
ow simulators the user might want to use. A more thorough documerntation of
the results preseried in this paper can also be found at [25].

Examples of the simulations of simple two phase ow are given for some
of the example problems. The simulations are approximations of simple ow
problems using standard upwind methods. The graphics include plots of the
solution of the elliptic problems and ow problems where appropriate. These
results give someidea of the e ect of the homogenizationon ow problems in
porous media.

It should be noted that all of the results presenied here can be found at [25]
along with all the assciated data les and software. The instructions for how to
create and homogenizethe mapsto create the results in this paper can also be
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Figure 3. Two examples of local cells used to test homogenization methods. On the left is a

simple symmetric cell that should produce an isotropic homogenizedtensor. On the right is the

so-called “inverted-L' pattern and is about the simplest example that results in an anisotropic
homogenizedtensor.

found there. The JHomogenizerUser's Guide also can be usedto learn how to
usethe software.

4.1. Simple periodic examples

In testing any homogenizationmethod it pays to make surethat the method
is behaving correctly. For example, any computational method must be able to
return the constart input map value if the heterogeneousmap value is constart.
As another simple test, any method should produce the harmonic averageof the
heterogeneousparameter in one dimension. In two (or more dimensions) any
method should also produce a diagonal tensor for stratied maps with the diag-
onal entries assaiated with directions parallel to the strati cation being equal
to the arithmetic average and the diagonal entries assaiated with coordinate
directions perpendicular to the strati cation equalto the harmonic average. One
such caseis documerted at [25]. Moving to more complex problems one should
make sure that simple periodically repeated patterns are being averaged cor-
rectly. This section describes the homogenization of two simple examples; one
that is geometrically symmetric and another example that is not geometrically
symmetric.

4.1.1. Periodic symmetric cell

The symmetric cell is depicted in Figure 3. This problem provides a sanity
test for any homogenization method including those implemented in the appli-
cation. One can easily compute the arithmetic and harmonic averagesfor the
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Table 2
E ectiv e permeability values computed by the di erent up-
scaling methods for the symmetric cell example with coe -
cient ratio of 10:1.

| Computational Method | Kix Ky Kyy |
| Arithmetic average | 775 0.00 7.75 |
| LBC Homogenization CFE | 729 0.00 7.29 |
| LBC Homogenization MFE | 728 0.00 7.28|
| Periodic Homogenization CFE | 652 0.00 6.52 |

| Conned boundary conditions CFE | 6.48 0.00 6.48 |

| Conned boundary conditions MFE | 6.47 0.00 6.47 |

| Geometric average | 562 0.00 5.62 |

| Harmonic average | 3.08 0.00 3.08 |

symmetric cell and use these as upper and lower bounds, respectively, for the
homogenization results. In addition, the output tensor for the symmetric cell
should be a diagonal tensor, unlike the inverted-L cell discussednext and also
shown in Figure 3. The reader should note that the cells depicted in Figure 3
are assumedto be periodically repeated many times in the domain de ning the
porous medium. In fact, the assumptionis that the sizeof the cell containing the
symmetric pattern shown in Figure 3 is much smaller than the sizeof the domain
of interest.

Ratios of the coe cien t valuesof 10:1, 100:1, and 1000:1were chosenwith
the larger coe cien t value in the border region of the cell and the lower value in
the interior region. The results for the various homogenization methods for the
10:1ratio are givenin Table 2. Theseresults and the results for the other ratios
canbe found in [2]. It is not practical to include all results here. Instead we refer
the readerto [25] for a more thorough set of results. We note CFE (respectively
MFE) whenthe Conforming (respectively Mixed) Finite Element method is used
to solve local problems.

4.1.2. Periodic inverted L cell

The inverted-L pattern showvn in Figure 3 is about the simplest nonsymmet-
ric test problem onecanthink of. The readershould note that the cell is repeated
periodically with the cell in Figure 3 much smaller than the domain of interest.
The homogenization methods are applied to the local problem on a single cell.
In this casethe output of homogenizationmay produce a symmetric tensor with
nonzero entries o the main diagonal (see Table 3). As in the symmetric cell
example discussedpreviously results are preserted only for the 10:1 ratio. The
coe cien t value in the inverted-L shaped region is lower than in the rest of the
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Table 3
E ectiv e permeability values computed by the dierent up-
scaling methods for the inverted-L example with coe cien t

ratio of 10:1.
| Computational Method | Kxx Ky  Kyy |
Arithmetic average | 7750 0:000 7:750 |
LBC Homogenization CFE | 5752 -0.343 6.834 |
LBC Homogenization MFE | 5.733 -0.343 6.817 |
Periodic Homogenization CFE | 5.332 -0.286 6.761 |

Conned boundary conditions CFE | 4.888 0.000 6.792 |

Con ned boundary conditions MFE | 4876 0.000 6.777 |

Geometric average | 5.620 0.000 5.620 |

Harmonic average | 3.077 0.000 3.077 |

Figure 4. Two examplesof idealized fractures. On the left is a rectangular model of a fracture
where the fracture zone around the border is 5% of the total size of the cell. The gure on the
right is an idealization with a fracture width of 10% of total cell size.

cell.

The results of the various homogenizationmethods are givenin Table 3. As
canbe seenseeral methods producetensorswith nonzeroertries o the diagonal.
More results can be found at [25].
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Table 4
E ectiv e permeability values computed by the di erent up-
scaling methods for the fracture on the left with coe cien t
ratio of 10:1.

| Computational Method | Ky Ky Ky, |

| Arithmetic average | 2710 0.000 2.710 |

| LBC Homogenization | 2031 0.000 2.031 |

| Periodic Homogenization | 2.021 0.000 2.021 |

| Geometric average | 1.549 0.000 1.549 |

| Harmonic average | 1.206 0.000 1.206 |

4.2. Fracture model cell

The MapEditor tool available in the JHomogenizerinterface allows usersto
set up some specialized maps such as maps with uniformly distributed values.
One of the specialized maps involves a model of a fracture via a rectangular
region. This looks similar to the periodic symmetric cell previously discussed.
Howevwer, the di erence is that the width of the border around the interior canbe
varied. The border region models a fracture while the interior region models the
matrix. Someof the homogenization methods will produce more reliable results
than others.

Homogenizedtensors are preseried in Table 4 for someof the homogeniza-
tion methods available in the JHomogenizertool. The results show a large vari-
ation in tensor values.

4.3. A raalistic fractured porous media example

In this section results for a problem developed by Alain Bourgeat are pre-
serted. The original heterogeneousmap is shown in Figure 5. It is easyto see
that a fracture runs vertically through the middle of the region. The regionsto
the left and right of the fracture have valuesof order one and the valuesin the
fracture zone are of order 10%. Thus there is a signi cant cortrast betweenthe
three regions. In addition, the coe cien t valuesin ead of the three regionsare
heterogeneous.

Part of the problem hereis to determine reasonablestrategiesfor computing
homogenizedcoe cien t values. One could compute a single coe cien t de ned
on the erntire domain. Howevwer, the results are disastrous. Simulation of two-
phaseimmiscible ow are shawvn for the heterogeneousand homogenizedmaps
for this casein Figure 6. It is easyto seethat the e ect of the fracture has been

dramatically washedout of the process.All of the local in uence of the fracture
is lost.
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Table 5

Homogenization results for the three regions in a realistic

fracture example.

| Region Homogenized: |

Homogenization Method:

| Homogenization Tensor: |

| Entire Region

. . 41.4974  0.0000
Arithmetic Average 0.0000 41.4974
Harmonic Average 21267 0.0000

9 0.0000 2.1267
Periodic Homogenization 24707 0.0134
9 0.0134 40.8541

. o 3.5035 0.0059
Linear BC Homogenization 0.0059 40.9342

| Left Matrix | | |

. . 3.3827 0.0000
Arithmetic Average 0.0000 3.3827
Harmonic Average 2.0822 - 0.0000

9 0.0000 2.0822
Periodic Homogenization 2.5898  0.0089
g 0.0089 2.4213
. o 2.7398 0.0209
Linear BC Homogenization 0.0209 2.4798
Fracture Zone | | |

. . 1001.18 0.0000
Arithmetic Average 0.0000 100118
Harmonic Average 1001.18 = 0.0000

9 0.0000 1001.18
Periodic Homogenization 1001.18 - 0.0000
9 0.0000 1001.18
. o 1001.18 0.0000
Linear BC Homogenization 0.0000 1001.18
| Right Matrix | | |

. . 2.6072 0.0000
Arithmetic Average 0.0000 2.6072
Harmonic Average 22112 0.0000

9 0.0000 2.2112

- - 2.3185 -0.0109
Periodic Homogenization 0.0109 2.1502
. o 2.3555 -0.0109
Linear BC Homogenization 200109 2.1803
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Figure 5. Permeability distribution for a more realistic fractured medium. The vertical band
models a fracture zone bounded on the left and right by two lower permeability regions.

Figure 6. The gure on the left shows simulation of ow through the heterogeneousmap for the

fracture example. The gure on the right shows the simulated o w through the homogenized

map. In this casethe entire map washomogenizedusing periodic homogenization. The in uence
of the fracture is lost in the homogenization.

Toillustrate a more reasonableapproad, homogenizationcan be performed
in the three subregionsof the original heterogeneousmap. The processdivides
the original regioninto three subregions;the fracture region, aregionto the left of
the fracture, and a region to the right of the fracture. A homogenizationmethod
is applied to eadh of the three regionsseparatelyto nd asinglecoe cien t valuein
ead region. Finally, the three homogenizerregionsare connectedbad together.
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Figure 7. These gures show simulation of ow through a homogenized map where the three

subregions are homogenized separately and connected back together. The gure on the left

shows results when periodic homogenization method was used and the gure on the right shows
results when the linear boundary condition homogenization method was used.

Figure 8. These gures show simulation of ow through a homogenized map where the three
subregions are homogenizedseparately and connected back together.

Homogenizedvalues for theseregions are given in Table 5 for various methods.
Two examplesof ow simulation that result from this processusing periodic and
the linear boundary condition homogenization methods are shown in Figure 7.
An extension of this processis to treat the problem a bit like a boundary
layer problem. The idea suggestedby Bourgeat is to expand the fracture zoneto
include one (or more) map valuesfrom the matrix. In Figure 5 the fracture zone
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Figure 9. The ne scalepermeability eld. The structure is de ned on a 30 by 30 grid of blocks.
The homogenizedvalues use 5 by 5 blocks to end up with a 6 by 6 coarse scale permeability
eld.

includes two grid blocks in the horizontal direction. The grid dimension of the
original fracture zoneis 2 50. By including one additional grid block to the left
and right of the original fracture zone. The modi ed fractured zone now has a
grid dimensionof 4 50. Using the modi ed regionsthe left and right matrices
can be homogenizedwhile leaving the fracture zone heterogeneous.The bene t
is that the important heterogeneitiesare maintained while the heterogeneitiesof
lesserimportance in the left and right regionsare averaged. Figure 8 shows the
o w using this approac for homogenizingthe domain. The gure showing the
ow through the porous medium resulting from the homogenization shows the
grid assaiated with the modi ed fracture zone. The advantage of this approad
is that a singlevalue canbe usedin the modi ed matrix zonesleadingto a simpler
linear algebra problem.

The reader should understand that all of the stepsdescribed in the section
caneasilybe performedin the JHomogenizertool. In addition, the stepsfor doing
this work are outlined at [25]. The JHomogenizertool allows the userto extract
subregions,homogenizethese subregions,create appropriate homogenizedmaps
from the homogenizationresults, and then connectthe piecesbadk together. The
output from the various homogenizationtechniquescan be found at the web site,
[25].

4.4. EIf data example

ELF Aquitaine, Pau, France provided the data for the permeability map
shown in Figure 9 for testing the e ect of homogenizationin a realistic situa-
tion. The map contains three distinct coe cien t values of 1.0 (darkest shaded
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Table 6
Equivalent permeability values computed for the periodic ho-
mogenization method using the conformal nite elemert method
on 5x5 blocks of cellsin the heterogeneous eld. The values for
the tensor are Ky, Kyy = Kyx, and Kyy, from top to bottom,
respectively for the appropriate cell.

| 1 2 3 4 5 6 |
10.0000  6.1073 0.1753 0.1000 0.4497 3.4402
6  0.0000 -0.0001 0.0110 0.0000 -0.0416 0.0000
10.0000  7.2762 0.1391 0.1000 0.4496 7.4172

3.8292 5.8735 0.1000 0.1000 0.1092 4.7480
5 0.1912 0.3386 0.0000 0.0000 0.0000 0.1795

2.7202 7.8420 0.1000 0.1000 0.1092 6.9637
1.0000 2.5889 0.2432 0.1000 0.2015 0.2179
4 0.0000 -0.0787 -0.0101 0.0000 0.0120 0.0001

1.0000 5.7037 2.3542 0.1000 3.0033 4.3325

1.0000 0.6353 5.2078 0.2080 5.8155 0.1230
3 0.0000 0.0064 -0.2286 -0.0032 0.4584 0.0000
1.0000 2.5881 7.1734 0.2126 7.2970 0.2463

0.9347 0.2081 8.3336 10.0000 5.8156 0.1000
2 0.0000 0.0140 0.0000 0.0000 0.4585 0.0000
0.9346 0.2735 8.9698 10.0000 7.2969 0.1000

0.2060 0.7137 2.5058 10.0000 1.6822 0.1597
1 0.0047 0.0000 -0.0754 0.0000 0.0479 -0.0101
0.1466 0.8640 5.3132 10.0000 3.9697 0.1597

regions), 10.0, and 100.0 (lightest shadedregions) and has higher permeability
paths through the domain that in uence the ow of uids in the porous medium.
The map is highly heterogeneous. In this test problem, the original heteroge-
neousmap is de ned on a 30 30 grids. The test involves obtaining a coarser
grid map dened ona5 5 grid. The JHomogenizertool allows the userto set
the homogenizedor coarsegrid sizein the interface. This results in the solution
ofa6 6 grid of local problems.

As an example of the output one might expect from the JHomogenizertool,
Table 6, shaws the results from applying periodic homogenizationto the 6 6
grid of subregionsde ned in the problem. The 36 local problems are solved with
periodic boundary conditions. These and other results are documerted in more
detail at [25]. One canalso nd the data for this problem at the web site [25]. In
addition, instructions on how to perform the homogenizationusing the available
methods in the JHomogenizertool are available at the referencedweb site.

To visualize the e ect of the homogenizationmethod on the porous medium,
a simulation of two-phaseimmiscible displacemen was performed. These simu-
lations were performed using the simple simulation featuresin the JHomogenizer



B. Amaziane and J.V. Koebke / JHomogenizer: a computational tool for upsaling ... 25

Figure 10. This gure shows o w simulation through the ELF map data for the original hetero-
geneousmap (upper left hand corner) and the homogenizedmedium using three methods. The

methods used were the con ned upscaling (upper right), periodic homogenization (lower left),
and the linearly boundary condition homogenization method (lower right).

tool. In Figure 10 a comparisonof the simulations for the original heterogeneous
map and homogenizedmapsare shown. If is clearthat the simulations are not ex-
actly the same. However, the generalfeatures have beenqualitativ ely presened.
There are di erences and the JHomogenizertool will allow usersthe opportunit'y
to investigate these di erences by analyzing data in localized regions.

4.5. Heating elementdesignexample

The original purposefor developing the JHomogenizertool wasto test vari-
ous homogenizationmethods related to porous media o w simulation. Howeer,
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Figure 11. The map data above shows the contrasts in the thermal diusivit y in a single mi-
croarray cell that might be usedin the replication of DNA collected for a variety of applications.

the methodology is applicable to any elliptic problem with a heterogeneousoef-
cient. To demonstratethe useon other problemsof this type, an exampleof the
useof the JHomogenizertool in the designof a heating elemert for a microarray
usedin DNA replication is given.

PCR is a processwhereby small amounts of DNA can be duplicated through
a seriesof heating and cooling cycles. A tray of samplesis createdin the lab. In
turn the tray is placedin a devicethat heatsthe sampleswithin the tray. The
heating processshould ensurethat all samplesare heated uniformly and ead of
the samplesin the tray are heatedin exactly the samemanner. The heat source
is contained as a circuit located beneath the sampletry. The heating elemen
only contacts a subsetof the lower surfaceof the sampletray.

One way to proceedwould be to de ne the heat equation on a domain
that includesthe tray of samplesand the device housing the samplesduring the
heating process. This is certainly a heterogeneousnedia where various parts of
the device and tray have di erent coe cien ts of thermal di usivit y. To design
an appropriate heating elemen, an optimization problem was de ned for the
heating process. The optimality condition chosenin the model involved the
deviation from a meantemperature measuredat the certer of eadh sample. The
optimization problem necessitatedmultiple solutions of the heat equationto nd
an optimal design. If a ne computational mesh was used the computational
e ort would be enormous. In addition, nding a solution in the \ball park"
would su ce for the compary (Idaho Tednology, Salt Lake City, Utah). Thus
homogenizationbecamea reasonablemeansto reducethe computational costin
this project.

Without any more details examplesof the simulations performed using the
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Figure 12. This gure shows an approximation of the solution of the elliptic problem for the
heterogeneousmap de ned on a 128 128 grid and homogenized maps using periodic homoge-
nization where 16 16 (lower left) and 8 8 (lower right) coarsegrids were computed.

original heterogeneouscomputational grid and coarsergrids obtained via rigor-
oushomogenizationmethods implemented in the JHomogenizertool are showvn in
Figure 12. A student, Daniel Balls, [9], who performed the work on this project,
imported the original map de ning the heterogeneouscoe cien t of thermal dif-
fusivity de ned on a 128 128 grid, performed homogenizationto obtain the
coe cien ts on a coarsercomputational grid, and then exported the coarsermap
for input into his own computer simulation of the heating device. Figure 12 showns
the results of the simulation for two coarsegrid simulations.

Clearly, someof the features have beenlost. Howewer, the qualitativ e be-
havior is apparert in the 16 16 coarserrepresertation of the well and allows
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for the elimination of many lessthan optimal designsat a coarsescale. Once an
optimal solution is obtained for a coarsegrid the optimal designcan be re ned
using the coarsegrid solution as a starting point.

5. Concluding remarks

In this paper, we have preseried a practical application of the object-
oriented approac to numerical homogenizationand the product JHomogenizer.
Open architecture of the program facilitates further dewvelopmenrs and adapts
to suit speci ¢ needseasily and quickly. Moreover, the proposeduser interface
has proved to be very usefuland exible. Our experienceshows that Java o ers
seriousbene ts for sciertic computing. The authors feel con dent that object-
oriented programming in Java will promote the developmen of computational
tools with GUI for numerical modeling of ow in porous media. The platform
still needsto be improved in seweral areassuch asa module for upscaling perme-
ability for fractured resenwirs, another one for upscaling relative permeabilities
and capillary pressure (cf. [13]) and upscaling dispersion in saturated porous
media (cf. [15]). E orts addressingboth of theseimportant issuesare currently
underway.

Ac knowledgemen ts

The authors would like to thank Prof. Alain Bourgeat for useful discussions.
This work has beenpartially supported from the GdAR MoMaS 2439 CNRS AN-
DRA BRGM CEA whosesupport is gratefully adknowledged.

References

[1] B. Amaziane, Global behavior of compressible three-phase ow in heterogeneousporous
media, Transport in Porous Media 10 (1993) 43{56.

[2] B. Amaziane, A. Bourgeat and J. Koebbe, Numerical simulation and homogenization of
two-phase o w in heterogeneousporous media, Transport in Porous Media 6 (1991) 519{
547.

[3] B. Amaziane, T. Hontans and J. Koebbe, Equivalent permeability and simulation of two-
phase o w in heterogeneousporous media, Computational Geosciencess (2001) 279{300.

[4] T. Arbogast, J. Douglas and U. Hornung, Derivation of the double porosity model of single
phase o w via homogenization theory, SIAM J. Math. Anal. 21 (1990) 823{826.

[5] T. Arbogast, Computational Aspects of Dual-P orosity Models, in: Homogenization and
Porous Media, eds. U. Hornung, Springer-Verlag, New York, 1997, pp. 203{223.

[6] A. Badea and A. Bourgeat, Homogenization of two phase ow through randomly hetero-
geneousporous media, in: Proceedings of the Conference Mathematical Modelling of Flow
Through Porous Media , eds. A. Bourgeat and al., World Sciertic, 1995, pp. 44{58.

[7] A. Badea and A. Bourgeat, Numerical simulations by homogenization of two-phase ow
through randomly heterogeneousporous media, in: Notes on Numerical Fluid Mechanics,
Modeling and Computation in Environmental Sciences, Vol. 59, eds. R. Helmig and al.,
1997, pp. 13{24.



B. Amaziane and J.V. Koebke / JHomogenizer: a computational tool for upsaling ... 29

[8] N. Bakhvalov and G. Panasenlo, Homogenisation: Averaging Processesin Periodic Media
Media, Kluwer Academic Publishers, Dordrecht, 1989.

[9] D. Balls, Numerical methods and simulation applied to optimize heating designs, Master's
Thesis, Utah State University, Logan, Utah, 2004.

[10] J. Bear and Y. Bachmat, Intr oduction to Modeling of Transport Phenomenain Porous
Media, Kluwer Academic Publishers, London, 1991.

[11] A. Bensoussan,J. L. Lions and G. Papanicolaou, Asymptotic Analysis for Periodic Struc-
tures, North-Holland, Amsterdam, 1978.

[12] A. Bourgeat, Two-Phase Flow, in: Homogenization and Porous Media, eds. U. Hornung,
Springer-Verlag, New York, 1997, pp. 95-128.

[13] A. Bourgeat and A. Hidani, E ectiv e model of two-phase ow in a porous medium made
of dierent rock types, Applicable Analysis 58 (1995) 1{29.

[14] A. Bourgeat, S. M. Kozlov and A. Mik elic, E ectiv e equations of two-phase o w in random
media, Calc. Var. 3 (1995) 385{406.

[15] A. Bourgeat, M. Jurak and A. Piatnitski, Averaging a transport equation with small dif-
fusion and oscillating velocity, Math. Meth. Appl. Sci. 26 (2003) 95{117.

[16] A. Bourgeat and A. Piatnitski, Approximation of e ectiv e coe cien ts in stochastic homog-
enization, Annales de I'Institut Henri Poincare, Probabilit es et Statistique, PR 40 (2004)

153{165.

[17] F. Brezzi and M. Fortin, Mixed and Hybrid Finite Element Methods, Springer-Verlag, New
York, 1991.

[18] P. G. Ciarlet, The Finite Element Method for Elliptic Problems North Holland, Amster-
dam, 1978.

[19] D. Cioranescuand P. Donato, An Intr oduction to Homogenization, Oxford Univ ersity Press,
Oxford, 1999.

[20] C. L. Farmer, Upscaling: a review, Int. J. Numer. Meth. Fluids 40 (2002) 63{78.

[21] U. Hornung, Homogenization and Porous Media, Interdisciplinary Applied Mathematics,
Springer-Verlag, New York, 1997.

[22] V. V. Jikov, S. M. Kozlov and O. A. Oleinik, Homogenization of Di er ential Operators and
Integral Functionals, Springer-Verlag, Berlin, 1994.

[23] J. Koebbe, A computationally e cien t modi cation of mixed nite elemert methods for
o ws problems with full transmissivity tensors, Numer. Meth. for PDE's 9 (1993) 339{355.

[24] J. Koebbe, Homogenization-wavelet reconstruction methods for elliptic problems, Numer.
Meth. for PDE's 100 (2002) 1{35.

[25] J. Koebbe, Computational Homogenization and Multiscale Researh Web Site, download
available at http://www.math.usu.edu/~ koebbe/wwwHomog/, 2004.

[26] J. Koebbe, JHomogenizer User's Guide, download available at http://www.math.usu.edu/
~ koebbe/wwwHomog/, 2004.

[27] J. Koebbe and R. Thomas, Wavelet construction basedon homogenization, Proceedingsof
the XI 11 International Conference on Computational Methods in Water Resources,June
25{29, 2000, Calgary, Alb erta, Canada.

[28] J. Koebbe, L. Watkins and R. Thomas, Characterization and upscaling of sedimertary
depositional formations using archetypal analysis and homogenization, Proceedingsof the
Third International IMA CS, July 9{12, 1997, Jackson, Wyoming, USA.

[29] M. Panlo v, Macrosale Models for Flow Through Highly Heterogeneus Porous Media,
Klu wer Academic, Dordrecht, 2000.

[30] Ph. Renard and G. DeMarsily, Calculating equivalent permeability: A review, Adv. Water
Resour. 20 (1997) 253{278.

[31] J. E. Roberts and J. M. Thomas, Mixed and hybrid methods, in: Handbook of Numerical
Analysis, Finite Element Methods (Part 1) , Vol. Il, eds. P.G. Ciarlet and J.L. Lions,



30 B. Amaziane and J.V. Koeble / JHomogenizer: a computational tool for upsaling ...

North-Holland, Amsterdam, 1991, pp. 524{639.
[32] E. Sanchez-Palencia, Non-Homogeneus Media and Vibration Theory, Springer-Verlag,
Berlin, 1980.



