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1. A brief introduction to swelling clays
1.1. Structure of swelling clays

Mesoscopic view of a smectite (from D. Teissier)
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1.2. General organization : three-scale medium
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Clay microstructure

• Isomorphous Substitutions: ⇒ Negative Surface Charge Density (σ < 0)
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2. From the microscale to the mesocale

“Mesoscale” ←− “Microscale”
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• Porous medium: saturated by a Newtonian fluid with a monovalent salt: Na+, Cl−

• Osmotic swelling: electrostatic forces are predominant
• Solid phase:elastic

Fluid velocity v (Bulk) pressure (pb)p

Solid displacement u

Electric Potential Φ Cations c+ Anions c−

or

Bulk Concentration cb Double layer potential ϕ Streaming potential ψb

• Change of variables−→ Bulk equilibrium values: cb andψb

Φ = ϕ+ ψb c± = cb exp
(
∓F ϕ
RT

)

pb = p− 2RT
(
c+ + c−

2
− cb

)
︸ ︷︷ ︸

Donnan pressure

= p− 2RT cb

[
cosh

(
F ϕ

RT

)
− 1
]
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• Scale separation:microscopic� (y) ; macroscopicL (x) ; ε =
�

L
<< 1.

• Spatial derivative: ∇ = ∇x +
1
ε
∇y

• Two-scale asymptotic expansion:θ(x, y, t) =
∑k=∞

k=0 εk θk(x, y, t)

• Bulk values: cb, ψb, pb

– slow variables (independent ofy)

– continuous at the bulk interface

• Reference values:
– macroscopic length scale :L

– θref : θ� =
θ

θref
= O(1)

– dimensionless equations
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2.1. Equations to be solved


• Poisson equation inYf

ε2∇2(ϕ+ ψb) = −F (c+ − c−)
ε̃ ε̃0

, c± = cb exp(∓ϕ) and ϕ =
F ϕ

RT

E = −ε ∇(ϕ+ ψb)

• Stokes equations inYf

0 = ∇ .v

0 = −∇pb − 2RT (coshϕ− 1) ∇cb + 2RT cb sinhϕ∇ψb + ε2µf∇2v

• Ions transport (∗) in Yf

∂

∂t
[exp (∓ϕ) cb] + εm ∇ . (exp (∓ϕ) cb v) = ∇ .

[D± exp (∓ϕ)
(∇cb ± cb∇ψb

)]
• Solid deformation in Ys

∇ . σs = 0 σs = cs E(u)

(∗) Péclet number: Pe =
vrefL

D±
= O (εm) ; m = 1 (diffusion) ; = 0 (+ convection)
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2.2. Homogenization procedure

Generalized Darcy’s law

Darcy chemical osmosis electro-osmosis

v0
D ≡

〈
v0 − ∂u0/∂t

〉
=
︷ ︸︸ ︷〈
v0

p − ∂u0/∂t
〉

+
︷ ︸︸ ︷〈

v0
c

〉
+

︷ ︸︸ ︷〈
v0

e

〉
= −KP ∇x p

0
b − KC∇x c

0
b − KE∇x ψ

0

b

• Closure problems to computeKP , KC , KE

• Example : 2 parallel plates separated by2H

∗ Velocity profiles
∗ CoefficientsKP , KC , KE
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Ions transport

∂

∂t

(
φG∗

± c
0
b

)
+ ∇x . J0

± = 0

with J0
± ≡ G∗

± c
0
b v∗0

± − φ

(
Dc

±∇xc
0
b ±De

±c
0
b ∇xψ

0

b + Dp
±∇xp

0
b

)

• Closure problems forf± and h±
p,c,e

G∗
± =

〈
exp

(∓ϕ0
)〉f ; G∗

± v∗0
± =

〈
exp

(∓ϕ0
)
v0
〉

Dp
± = D±

〈
exp(∓ϕ0)∇yh±

p

〉f
; Dc,e

± = D±
〈
exp

(∓ϕ0
) (

I + ∇yf± + ∇yh±
c,e

)〉f
• Example : two parallel plates distant of2H

∗ Dc
± = De

±
∗ Dp

± = 0
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Homoǵeńeisation et mod́elisation multi-́echelles, GdR MoMaS, Paris 8 octobre 2004 16�

�

�

�

• Alternative formulation: Onsager’s reciprocity relations

J0 ≡ J0
+ + J0

− I0
e ≡ F (J0

+ − J0
−) J0 = 2 c0b v0

D + J0
d

∗ Onsager’s reciprocity relations


v0
D

J0
d

I0
e


= −




LPP LPC LPE

LCP LCC LCE

LEP LEC LEE






∇xp
0
b

RT∇x ln c0b
∇xψ

0
b




∗ Symmetry of the coefficients ?
If the electro-chemical potentials do not fluctuate across the micropores:

LPP = LT
PP LCC = LT

CC LEE = LT
EE

LPC = LT
CP LPE = LT

EP LCE = LT
EC
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Modified Terzaghi’s decomposition

• Order O(ε0): u0(x, t)

• Order O(ε):

µs∇2
y u1 + (λs + µs)∇y(∇y .u1) = 0 in Ys

[
λs∇y.u1 I + 2µsEy(u1)

]
.n = −[p0

b (x, t) I + Π0 (x,y, t)

+λs∇x.u0I + 2µs Ex(u0)
]
.n on∂Yfs

• on ∂Yse: periodicity conditions

• Disjoining pressureπ0

π0 = −
∫ ϕ0

0

F
(
c+ 0 − c− 0

)
dϕ︸ ︷︷ ︸

=R T (c+ 0+ c− 0−2 c0
b)

I − ε̃ ε̃0
2
(
2E0 E0 − (E0)2 I

)
︸ ︷︷ ︸

τ0
M

Donnan’s pressure Maxwell’s tensor



Homoǵeńeisation et mod́elisation multi-́echelles, GdR MoMaS, Paris 8 octobre 2004 18�

�

�

�

• Closure for u1

u1 = ζ(y) p0
b(x, t) + ξ(y) : Ex(u0) + u1

π(x, y, t) + û1(x, t)

• ζ et ξ : Homogenization of the poroelasticity equations (Auriault and
Sanchez-Palencia, 1977).

• u1
π verifies onYs :

µs∇2
yu

1
π + (λs + µs)∇y(∇y .u1

π) = 0

and on∂Yfs :

−π0 .n =
[
λs∇y .u1

π I + 2µs Ey(u1
π)
]

.n

with periodicity conditions on ∂Yse
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• Modified Biot’s equations

∗ Overall stress tensor

σ0
T = φ 〈σ0

f 〉f + (1− φ) 〈σ0
s〉s

∇x . σ0
T = 0

∗ Modified Terzaghi’s principle

σ0
T = − p0

b (φ I − 〈cs . Ey(ζ)〉)︸ ︷︷ ︸
pore pressure

+ 〈cs . (I + Ey(ξ))〉 . Ex(u0)︸ ︷︷ ︸
contact stresses

− Π0︸︷︷︸
electrochemical tensor

∗ Electro-chemical tensor

Π0 = −(1− φ)
〈
cs .Ey(u1

π)
〉s︸ ︷︷ ︸

solid

+φ〈π0〉f︸ ︷︷ ︸
fluid
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• Philip Low’s experiment
∗ Aligned clay particles without contact
∗ No contact stress term in the macroscopic law

Π = (P − pb) I
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Homoǵeńeisation et mod́elisation multi-́echelles, GdR MoMaS, Paris 8 octobre 2004 22�

�

�

�

2.3. Equations at the mesoscale
• Unknowns

σ0
T , p0

b , u0, v0
D, c0b , ψ0

b , φ

• Two-scale model


∇x . σ0
T = 0 Mechanical equilibrium

σ0
T = −α p0

b + Cs Ex(u0)−Π0 Terzaghi’s principle

v0
D = −KP ∇x p

0
b −KC∇x c

0
b −KE∇xψ

0
b Darcy’s law

∇x.v0
D + α :

∂

∂t
Ex(u0) = β

∂p0
b

∂t
+
∂γπ

∂t
Overall mass balance

∂

∂t

(
φG∗

± c
0
b

)
+ ∇x .

[
G∗

± c
0
b v±0

∗ Ions conservation

−φ
(
Dc

±∇xc
0
b ±De

±c
0
b ∇xψ

0

b + Dp
±∇xp

0
b

)]
= 0

∂φ

∂t
+ ∇x.v0

D + φ∇x.
∂u0

∂t
= 0 Fluid phase mass balance
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3. From the mesocale to the macroscale

“Mesoscale” −→ “Macroscale”
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3.1. Bulk (fissure) equations
• Fluid flow

∇. σf = 0

σf = −Pf I + 2µf E (V f ) in Ωf

∇. V f = 0

• Transport equations C+
f = C−

f ≡ Cf

∂Cf

∂t
+ ∇. Jf = 0

∇. If = 0

Jf = 2Cf V f − 2
(
Df∇Cf + ∆f Cf∇Ψf

)
If = −2F

(
∆f ∇Cf +Df Cf∇Ψf

)
Df =

Dw+ +Dw−
2

and ∆f =
Dw+ −Dw−

2
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• Boundary conditions at the interface:on Γfs

∗ Continuous interface conditions
(

V fs = V f − ∂u
∂t

)

Clay cluster Fissure

pb = Pf

cb = Cf

ψb = Ψf

vD. N = V fs. N

J. N = Jf . N

I. N = If . N

σT N = σf N
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• Liquid slippage

Very small EDL near the wall −→ Tangential velocity slip

Clay cluster Fissure

(vD − V fs) . τ = V match. τ

V match = −Kf∞
E ∇Ψf −Kf∞

C ∇Cf

Kf∞
E =

ε̃ ε̃0ζ

µf
(Smoluchovski)

Kf∞
C =

8RT�2D
µf

ln cosh(
ζ

4
)



Homoǵeńeisation et mod́elisation multi-́echelles, GdR MoMaS, Paris 8 octobre 2004 27�

�

�

�

3.2. Dual porosity model

In the clay clusters:


v1
D

J1
c

I1
e


= −ε2




LPP LPC LPE

LCP LCC LCE

LEP LEC LEE






∇yp
0
b

RT∇y ln c0b
∇yψ

0
b



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Summary of the dual porosity model




∇x. σ0
L −∇xP

0
f = 0 Overall momentum balance

σ0
L = − 〈p0

b

〉
y

I + (1− φ) Cs Ex(u0) + Cs

〈Ey(u1)
〉

y
− 〈Π0

〉
y

∇x.
∂u0

∂t
+ ∇x. V 0

Df = 0 Overall mass balance

V 0
Df = −Kf

P ∇xP
0
f −Kf

C ∇xC
0
f −Kf

E ∇xΨ0
f Macroscopic Darcy’s law

∂nf

∂t
+ (1− nf ) ∇x. V 0

Df = −
〈

1
1− φ0

∂φ0

∂t

〉
y

Fluid phase mass balance

2
∂

∂t

(
nf C

0
f

)
+ ∇x. J0

F = − ∂

∂t

〈
φ0Gc c

0
b

〉
y

Species overall mass balance

J0
F = 2C0

f V 0
Df − 2 Deff

f ∇xC
0
f

∇x. I0
F = 0 Macroscopic charge conservation

I0
F = −2F

(
∆eff

f ∇xC
0
f + Deff

f C0
f ∇xΨ

0

f

)
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and in the clay clusters


∇y.
(
Cs Ey

(
u1
))−∇yp

0
b −∇y.Π0 = 0

∇y.v1
D + ∇y.

∂u1

∂t
= −∇x.

∂u0

∂t
∂φ0

∂t
− (1− φ0

)∇y.
∂u1

∂t
=
(
1− φ0

)∇x.
∂u0

∂t
∂

∂t

(
φ0Gc c

0
b

)
+ ∇y. J1 + 2 ∇y.

(
c1b v1

D

)
= 0

∂

∂t

(
φ0Gs c

0
b

)
+ ∇y. I1 = 0

v1
D = −LPP ∇yp

0
b − LPC ∇yc

0
b − LPE ∇yψ

0
b

J1 = −LCP ∇yp
0
b − LCC ∇yc

0
b − LCE ∇yψ

0
b

I1
D = −LEP ∇yp

0
b − LEC ∇yc

0
b − LEE ∇yψ

0
b

with the following boundary conditions

(−Cs Ey(u1) + Π0

)
N = Cs Ex(u0)N

p0
b = P 0

f c0b = C0
f ψ0

b = Ψ0
f
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3.3. Three-scale quasi-steady model

“uniform values assumed inside the clay clusters”


∇x. σ0
T = 0

σ0
T = −P 0

f I + Ceff Ex(u0)−Πeff

∇x.
∂u0

∂t
+ ∇x. V 0

Df = 0

V 0
Df = −Kf

P ∇xP
0
f −Kf

C ∇xC
0
f −Kf

E ∇xΨ0
f

∂nf

∂t
+ (1− nf ) ∇x. V 0

Df + α :
∂

∂t
Ex(u0) = −

〈
∇y.

∂u1
π

∂t

〉
y

∂

∂t

(
nf C

0
f

)
+ ∇x.

(
C0

f V 0
Df

)
−∇x.

(
Deff

f ∇xC
0
f

)
= −

∂
(
K∗ C0

f

)
∂t

∇x. I0
F = 0

I0
F = −2F

(
∆eff

f ∇xC
0
f + Deff

f C0
f ∇xΨ

0

f

)
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• Terzaghi’s decomposition in the quasi-steady approximation

σ0
T = −P 0

f I + Ceff Ex(u0)−Πeff

• Closure 
 ∇y.

(
Cs Ey(u1)

)−∇y.Π0 = 0 in Ys

Cs

[Ex(u0) + Ey(u1)
]

N = Π0 N on ∂Yfs

u1(x,y, t) = ξ(y) Ex

(
u0(x, t)

)
+ u1

π(x,y, t) + û(x, t)

∇y. (Cs Ey (ξ)) = 0 ∇y.
(
Cs Ey(u1

π)
)

= ∇y.Π0 in Ys

(Cs Ey (ξ)) N = −Cs (I ⊗ I) N Cs Ey(u1
π)N = Π0 N on ∂Yfs

• Homogenized properties

Ceff ≡ 〈Cs [I ⊗ I + Ey(ξ)]〉y and Πeff ≡ 〈Π0 −Cs Ey

(
u1

π

)〉
y
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4. Conclusions

∗ Complete theory for the two–scale problem.

∗ The physics of the modelcan be extended at the microscale: hydratation forces,
Van der Walls forces, couplings with molecular dynamics. . .

∗ New three-scale solution for the saturated case.

∗ Extension needed for the non-saturated case:couplings between disjoining
pressure and capillary pressure.

∗ Applications : engineered barriers (nuclear waste); clay liner (waste); stability of
wells; electro-osmosis; biomechanics. . .


