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1. A brief introduction to swelling clays
1.1. Structure of swelling clays

i
illets

[ O N —

nombre de feu

.__".:'"':'J" '; .-3':' nm

organisation générale 100 nm

Mesoscopic view of a smectite (from D. Teissier)
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/ 1.2. General organization : three-scale medium

vicinal water

Macroscale
c[a{}_]\lqhtslets
bu]O clay particle \f;l}al water
" Mesoscale Microscale

Fig. 1. Three-scale model for clay.
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/ Clay microstructure

Omygan or Hydroxyl ) § Varous cations

O

Stacked In lonic and covalen! bonding lo lorm layers

1:1 semi-basic unit 5 E 2:1 semi-basic unit
' }

Stacked in vurlnus Ways Stacked in various wayu
= % =$-8-3-3-. g
Kaolinite  Halloysite Pyrophyllite Smectite Vermiculite lite Chiorita  Mixed Layer

Figure 3.8 5Synthesis pattern for the clay minerals.

xlsomorphous Substitutions: = Negative Surface Charge Densityd < 0)

/
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2. From the microscale to the mesocale

Mesoscale Microscale
Fig. 1. Three-scale model for clay.

“Mesoscale” —— “Microscale”
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/oPorous medium: saturated by a Newtonian fluid with a monovalent salt: Na, Clx
e Osmotic swelling: electrostatic forces are predominant
e Solid phase:elastic

Fluid velocity v | (Bulk) pressure (py)p

Solid displacement u

Electric Potential ® | Cations ¢t | Anions c~
or

Bulk Concentration ¢, | Double layer potential ¢ | Streaming potential

e Change of variables— Bulk equilibrium values: ¢, and,

Fo

b — + _ -

© + Yy C = ¢p exp (JFRT)
T4 F

pb:p—QRT<%—cb> = p—2RT ¢ [COSh(R—;)—ll

-~

Donnan pressure

-




Homogenréisation et modlisation multiéchelles, GAR MoMasS, Paris 8 octobre 2004

/ . . . . 4
e Scale separation:microscopic/ (y) ; macroscopicL (x) ; € = 7 << 1.

. L 1
e Spatial derivative: V =V, 4 -V,
€

e Two-scale asymptotic expansiond(x, y,t) = S.v—o° € 0% (x, y, t)

¢ Bulk values: Chy Wb, Pb

— slow variables (independent ofy)

— continuous at the bulk interface

e Reference values:
— macroscopic length scale L

6
ey = — =0O(1)
Href

— dimensionless equations

-
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/ 2.1. Equations to be solved \
o Poisson equation inY;
F(ct —c™ F
€2 V2(p+ ) = — <ng0 ) e and F=

E=—-eV(p+y)

e Stokes equations inY

0=V.v

0=—Vp, —2RT (coshp —1) Ve, +2RT ¢y sinhp Vb, + €2uV3iv

e lons transport (*) in Y;

% lexp (F@)cp] + €™ V. (exp(FP) ey v) = V. [Drexp (Fp) (Ve £ V)]
e Solid deformation in Y,

| V.o, =0 os =csE(u)

’ re L : : i
(*) Peclet number: Pe = 7/~ — @ (e™); m = 1 (diffusion) ; = 0 (+ convection)

N - /
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2.2. Homogenization procedure

Generalized Darcy’s law

Darcy chemical osmosis electro-osmosjs
Ve A N /—M Ve “ Y
vl = <VO — 8u0/8t> = < g — 8u0/8t> + <Vg > + <Vg>
= —KpV.p) -  KcV.d  —  KgV.i,

e Closure problems to computeK p, K, K g

e Example : 2 parallel plates separated b\2 H
x Velocity profiles
x CoefficientsK p, K, K g

N /
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— Poiseuille
Chemical osmosi

1.5

\ — Poiseuille
\ Chemical osmosi$
- - Electro—osmosis - - Electro—osmosis
—Ol.5 0 Ol.5 1 0 Ol.5 1
y* =y/H y* =y/H
H/Lp =1. H/Lp = 10.
eeg RT
Lp=4/——: Debye’s length
2 [ Cp y J

11
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<
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10

4 10° 10°° 10 10°

concentration (molt
Chemico-osmotic coefficientK /
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-0
10 L] ] ] T
— H=1.nm
H=2.nm
- - H=4.nm
‘‘‘‘‘‘ H =oo (Smoluchowski)|
R e
> |
1 0y
| -7
“ior y
N e )
L et RO
L S SO
X CoA
—
-8
10 o P | o P | o P | o _ 3
-5 —4 -3 —2 -1 0
10 10 10 10 10 10

concentration (mol
Electro-osmotic coefficientK g

~
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lons transport

2
ot

. c e —0
with J(:)I: — G;kt Cg Vj:O — Cb ( ivxcg + Dicg wab - Dl:l):vmpg)

(pGHL ) +V,. JL=0

+

p7c7€

e Closure problems for £ and h

G = <exp (:F¢O)>f . GLvi) = <exp (:F@O) V0>

I

D% = Dy (exp(¥7°)Vyhy ) s DY =D (exp (¥7°) (I + V, f* + Vb))

e Example : two parallel plates distant of2 H
* DS = DS
x* DU =0

N /
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_2 . p

IIT
I
e
2 5
3 3 3

concentration (mol
Diffusion coefficient D+




Homogenréisation et modlisation multiéchelles, GAR MoMasS, Paris 8 octobre 2004

16

-

e Alternative formulation: Onsager’s reciprocity relations
J=J+J° I1=rJ%-J% J°=2&vh +JY

x Onsager’s reciprocity relations

0

\%>) Lpp Lpc Lpg V.0
J(o)l — L(;'p LCC’ LC’E RTVm In Cg
I. Lgp Lgc Lgg AR

x Symmetry of the coefficients ?

Lpp = LEP Lee = Lgc Lgp = LgE

Lpc=Lép  Lpp=Lgp Lep=Lpe

If the electro-chemical potentials do not fluctuate across the micropores:

~

/
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/ Modified Terzaghi’'s decomposition
e Order O(€%): u®(x,t)
e Order O(e):

,usvi u' + (A + ) Vo (V. ut) = 0

AV u' IT+2u,E (u')].n = —[p) (x,0) I+ 1’ (x,y,t)
AV u’T + 24, E,(u’)]. n

e 0N Y. periodicity conditions

e Disjoining pressure r®

0 ~—
EED

©
0o _ +0 -0 - 00  /170\2
T = /0 F (c ¢ V) de I - (2E"E’ — (E°)*T)

\ 7

\ / ~
-~

=RT(ctO4c¢c~0-2¢) T](\)/I
Donnan’s pressure Maxwell’'s tensor

-

~

InY,

ondYy,

/
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e Closure for u!

u' =((y)pi(x, t) +€&(y) + E.(0) +uli(x, y, t)+a'(x, t)

e ( et & : Homogenization of the poroelasticity equations (Auriault and
Sanchez-Palencia, 1977).

e u! verifies onY; :
,usvzu; + (N + 115) V4 (V,.ut) =0
and ondY;, :
—nm’.n=[\V,.ur I +2p,E(uy)] .n

with periodicity conditions on 0Y.

N /
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e Modified Biot’'s equations

+ Overall stress tensor

o =¢ (o) +(1—9¢)(0])°

Ve.00.=0
«x Modified Terzaghi’s principle
o = I (e Q) + fen (THE,) Eu) — T
pore I;;essure contact?gtresses electrochemical tensor

+ Electro-chemical tensor

° — —(1— ¢) <Cs , Sy(u;)>i+£b<ﬂ-0>{

\ .

~"

solid Auid

N /
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Philip Low’s experiment

x Aligned clay particles without contact
+x NO contact stress term in the macroscopic law

FI-

]

= - —

—

e L4

7 B e a3 a—
L e L

= bulk water

—
i

b

SOrbed

Wi

1

3
Semipermeable membrane

II= (P —py) 1

~
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— Double couche
Low (expériences) |]
— Langmuir (théorie) |1

H (nm)
C = 10=* mole/l
Langmuir’s formula

72 RT\?
M~ akall
g ©0 (FH>

~
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2.3. Equations at the mesoscale
e Unknowns

L N () L UL (0) [ () A ()
O-T’pb’ u 1VD1 Cba ¢b’ ¢

e Two-scale model

/

Ve.00 =0 Mechanical equilibrium
o) =—ap) +C,E,(u’) — 11’ Terzaghi’s principle
v =—-KpV,p) —KcV, ) — KgV ) Darcy’s law
0 Opy | Ox
< Vv +a: =&, () = ﬁﬂ I Overall mass balance
9 ot ot ot
o (pGL ) + V. |Ghc)vi© lons conservation
~¢ (D4 Vo) + DLc) Voihy + DLV )| =0
o0 ou .
. 3 + Vvl + ¢V, B = 0 Fluid phase mass balance|

N /
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/3. From the mesocale to the macroscale

=\
rti vicinal water
b%]ﬁﬁ_ﬂrs clay particle

Mesoscale Microscale
Fig. 1. Three-scale model for clay.

“Mesoscale” — “Macroscale”
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3.1. Bulk (fissure) equations

e Fluid flow
V.O‘f = 0
o = —PfI+2Mf8(Vf) ian
V.V, = 0

e Transport equations Cf=C; =y

(9Cf

— +V.J =
Py + r=20
V.I;=0

Jf — QCf Vf — 2 (DfVCf —|—Af CfV@f)

Dyt + Dy IDRE R
Dy = +_; and A, = —F 5
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e Boundary conditions at the interface:on Iy,

« Continuous interface conditions (st =V

Clay cluster
Db
Ch
(U
vp. N
J.N
I.N
or N

e
ot

Fissure

)




Homogenréisation et modlisation multiéchelles, GAR MoMasS, Paris 8 octobre 2004

26

-

e Liquid slippage

Very small EDL near the wall — Tangential velocity slip

Clay cluster Fissure
(vp = Vi) = V mateh+ T
V mateh = KLV - KL°VC;
K1 = gij’f (Smoluchovski)
Kl = SR;;E% In cosh(%)
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3.2. Dual porosity model

In the clay clusters:

vh Lpp Lpc Lpg vy
J: |=—€|Lep Loc Lep || RTV,Inc
I Legp Lgc Lgg V.,
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Summary of the dual porosity model

(V.00 — V.P} =0 Overall momentum balance
o) = —(p}), T+ (1—9)Cs E,(u) + C, (€, (uh)) — (1%
O 0
V. it + V.. V= Overall mass balance
V%f = —K{D VJ;P}’ — Ké VxCJQ — Ké Vx\IJ(} Macroscopic Darcy’s law
X 5 +(1=nf) Ve V=~ <1 o) Fluid phase mass balance
0 5 0 d 3 .
2a (nf Cf> +V,.J5%h = — 5 (¢° G, Cb>y Species overall mass balance
0 _ 0 y/0 eff 0
V.. I3 =0 Macroscopic charge conservation

0 _ eff 0 eff Moo T
1% = 2F (AY! v.C9 + DY 09 ..}

N /
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/and In the clay clusters

e

\

V,. (Cs€,(ul)) —V,p) =V, . II"=0
oul ou’
V,vh+V,. =V, T
o o o .
u u
(1) Ve = (1= ¢°) V.
(0°Gecd) + V. J'+2V,. (civh) =0
(0°Gsc)) + V. I' =0
= —LppVyp) — Lpc Vyc) — Lpp Vi
= —Lop Vypy — Loc Vyey = Loe Vi

I}) = —Lgp Vypg — Lgc Vycg — LEgEg Vywl(p)

with the following boundary conditions

-

(-CsEy(u') +II°) N = C, €, (u")N
=P Q=09 Y=
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3.3. Three-scale quasi-steady model

“uniform values assumed inside the clay clusters”

V0% =0
o) =-P)I+CY g, (u’) — I/
ou’ 3
Vw.ﬁ—kvx.va:O
Vi, =-KL, VP~ KLV,0) - KLV,
on ¢ 0 0 oul
— + (1 - 2V : —E, (1) = — . —T
0
0 0 0 7,0 eff 0) _ a(K*Of)
V.. Iy =0

1% = —2F (AY! v.C9 + DY/ 09 v,
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e Terzaghi’s decomposition in the quasi-steady approximation

o) =—-P)I+CI €, (u) -1/

e Closure
V,. (Cs€y(ut)) -V, . II° = 0 in Y,
Ci[E,(u)+E,uH] N = II'N  on Yy,
u'(z,y,t) = £(y) €, (u’(,1)) +uy(e,y,t) + Az, )
V,. (Cs&,(&) =0 V,. (Cs€,(ul)) = V,.II° | in Y,
(Cs€,(&))N = -C,(IQQI)N | C,E,(u})N = II°N |on 0Yy,

e Homogenized properties

celf = (Cs[TRTI+E,E)]) and e/ = <HO - C €&, <u1)>y

Y 7T

N /
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=10
|
o)
J10%
— n®f= 0.5 atm
) n¢f=1.0 atm
10 — n®"=1.5 atm
nef=2.0 atm
M nef= 2.5 atm
10 - - - :
10° 10 10° 102 10" 10°

concentration (molT)

Blocks made of parallel arrangement of clay particles
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4. Conclusions
+x Complete theory for the two—scale problem

+ The physics of the modektan be extended at the microscale: hydratation forces,
Van der Walls forces, couplings with molecular dynamics. ..

+ New three-scale solution for the saturated case.

x Extension needed for the non-saturated casesouplings between disjoining
pressure and capillary pressure.

x Applications . engineered barriers (nuclear waste); clay liner (waste); stability of
wells; electro-osmosis; biomechanics. ..

N /




