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PAR CONTAMINATION DU SOL
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1 The cat-FPLV homogeneous model





∂S/∂t− ds∆S =

b(S + I + R)− (m + kP )S − σ(S, I, R)− ρCS − νS,

∂I/∂t− di∆I =

−(α + γ)I − (m + kP )I + σ(S, I, R) + ρCS,

∂R/∂t− dr∆R = +eαI − (m + kP )R + νS,

∂C/∂t = φ(1− C)I − dC.

Initial conditions at t = 0 :

S(x, 0) = S0(x) ≥ 0, I(x, 0) = I0(x) ≥ 0, R(x, 0) = R0(x) ≥ 0,

0 ≤ C(x, 0) = C0(x) ≤ 1.

No flux boundary conditions on ∂Ω× (0, +∞) :

ds∇S · η = di∇I · η = dr∇R · η = 0.

Incidence term :

σ(S, I, R) =





σpm
SI

P
, proportionate mixing;

σmaSI, mass action.
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Theorem 1 Assume S0, I0 and R0 lie in (L∞(Ω))+ and 0 ≤
C0(x) ≤ 1.

The SIRC system has a unique, classical, global and component-

wise nonnegative solution with 0 ≤ C(x, t) ≤ 1.

Furthermore, when k > 0 there is a constant M such that

0 ≤ S(x, t), I(x, t), R(x, t) ≤ M < +∞, x ∈ Ω, t > 0,

whereas for k = 0 there is a nondecreasing function M : [0, +∞) →
[0, +∞) such that

0 ≤ S(x, t), I(x, t), R(x, t) ≤ M(T ) < +∞, x ∈ Ω, t ∈ [0, T ].

Remark For k = 0 and b−m− α > 0 trajectories are unbounded

in L1(Ω).

Proof

• getting L∞(0, T ; L1(Ω)) estimates for k = 0 or L∞(0,∞; L1(Ω))

estimates for k > 0;

• given a fix C with 0 ≤ C(x, t) ≤ 1, deriving a priori L∞((0, T )×
Ω) estimates for k = 0 or L∞((0,∞)× Ω) estimates for k > 0;

it uses duality arguments: M. Pierre, J.J. Morgan;

• conclusion, using the Leray Schauder fixed point Theorem, or

semi-group theory, or else ...
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2 A spatially heterogeneous domain

Ω in IRd, d ≥ 1, with smooth ∂Ω.

population flux

−d(x)∇P + Pc(x),

d(x) =





di(x) for x ∈ Ω∗i , d∗(·) ∈ C(Ω
∗
i ), i = 1 · · ·K,

d0(x) for x ∈ Ω− K⋃

l=1
Ω
∗
i , d0(·) ∈ C(Ω− K⋃

l=1
Ω
∗
i ).

(H1) continuous density P accross ∂Ω∗i , i = 1 · · ·K
(H2) balanced flux accross ∂Ω∗i , i = 1 · · ·K

[(d(x)∇P (x, t)− P (x, t)c(x)) · ηi(x)]∂Ω∗i
= 0.
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3 A heterogeneous S.I.R.C model

Densities S(x, t) ≥ 0, I(x, t) ≥ 0, R(x, t) ≥ 0 and 0 ≤ C(x, t) ≤ 1,

with P = S + I + R.

• natural growth-rate: b(x)−m(x) > rmin > 0;

• density dependent growth-rate

m(x) + k(x)P (x, t), m(x) ≥ 0,

logistic effect when : k(x) > kmin > 0,

• incidence function : σ(x, S, I, R), Ω = Ωma ∪ Ωpm





σma(x)SI, σma(x) > 0, x ∈ Ωma;

σpm(x)
SI

P
, σpm(x) > 0, x ∈ Ωpm.

• ρ(x) ≥ 0 indirect transmission rate from environment to indi-

viduals,

α(x) ≥ 0 additional death-rate of infective individuals,

φ(x) ≥ 0, indirect transmission rate from individuals to environ-

ment,

d(x) ≥ 0, decontamination rate of environment;

• population fluxes dz(x) > dmin > 0, z = s, i, r,

−ds(x)∇S, −di(x)∇I, −dr(x)∇R;
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Heterogeneous model on Ω× (0, +∞)





∂S/∂t− div(ds(x)∇S) =

b(x)P − (m(x) + k(x)P )S − σ(x, S, I, R)− ρ(x)CS,

∂I/∂t− div(di(x)∇I) =

−α(x)I − (m(x) + k(x)P )I + σ(x, S, I, R) + ρ(x)CS,

∂R/∂t− div(dr(x)∇R) = +eα(x)I − (m(x) + k(x)P )R,

∂C/∂t = φ(x)(1− C)I − d(x)C.

Initial conditions at t = 0:

S(x, 0) = S0(x) ≥ 0, I(x, 0) = I0(x) ≥ 0, R(x, 0) = R0(x) ≥ 0,

0 ≤ C(x, 0) = C0(x) ≤ 1.

No flux boundary conditions on ∂Ω× (0, +∞) :

ds(x)∇S · η = di(x)∇I · η = dr(x)∇R · η = 0.

Incidence term

σ(x, S, I, R) = σma(x)SIχma(x) + σpm(x)
SI

P
χpm(x).
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Assumptions: bounded coefficients but c(j) ∈ C1(Ω)2

logistic effect on mortality: k(x) ≥ kmin > 0 on Ω.

Theorem 2 There exists a unique nonnegative and classical so-

lution (S, I, R, C) on Ω̄× (0,∞), with 0 ≤ C(x, t) ≤ 1 and

0 ≤ ‖Z(·, t)‖∞,Ω ≤ C1(kmin) < +∞, t > 0, Z = S, I, R;

Here C1(kmin) depends on dmin, rmin and the L∞(Ω) norm of the

data.

Proof

• getting L∞(0,∞; L1(Ω)) estimates for kmin > 0;

• given a fix C with 0 ≤ C(x, t) ≤ 1, deriving a priori L∞((0,∞)×
Ω) estimates for kmin > 0;

it uses ealier work by W.E. Fitzgibbon, M. Langlais and J.J.

Morgan;

• conclusion, using the Leray Schauder fixed point Theorem, or

semi-group theory, or else ...
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4 Spatially ε− Θ periodic S.I.R.C. model





∂S/∂t− div(ds(
x

ε
)∇S) =

b(
x

ε
)P − (m(

x

ε
) + k(

x

ε
)P )S − σ(

x

ε
, S, I, R)− ρCS,

∂I/∂t− div(di(
x

ε
)∇I) =

−α(
x

ε
)I − (m(

x

ε
) + k(

x

ε
)P )I + σ(

x

ε
, S, I, R) + ρ(

x

ε
)CS,

∂R/∂t− div(dr(
x

ε
)∇R) = +eα(

x

ε
)I − (m(

x

ε
) + k(

x

ε
)P )R,

∂C/∂t = φ(
x

ε
)(1− C)I − d(

x

ε
)C.

Initial conditions at t = 0:

S(x, 0) = S0(x) ≥ 0, I(x, 0) = I0(x) ≥ 0, R(x, 0) = R0(x) ≥ 0,

0 ≤ C(x, 0) = C0(x) ≤ 1.

No flux boundary conditions on ∂Ω× (0, +∞) :

ds(
x

ε
)∇S · η = di(

x

ε
)∇I · η = dr(

x

ε
)∇R · η = 0.

Behavior of (Sε, Iε, Rε, Cε) as ε → 0 ?
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Lemma 1 As ε → 0, (Sε, Iε, Rε, Cε) → (S], I], R], C]) in L2(Ω×
(0, T )), where (S], I], R], C]) is the unique solution of a homoge-

nized model





∂S/∂t− div(Dhs∇S) = b0(S + I + R)− (m0 + k0P )S

−

M(χmaσma)SI +M(χpmσpm)

SI

P


− ρ0CS,

∂I/∂t− div(Dhi∇I) = −α0I − (m0 + k0P )I

+


M(χmaσma)SI +M(χpmσpm)

SI

P


 + ρ0CS,

∂R/∂t− div(Dhr∇R) = +eα0I − (m0 + k0P )R,

∂C/∂t = φ0(1− C)I − d0C.

satisfying the boundary conditions on ∂Ω× (0, +∞) :

Dhs∇S · η = Dhi∇I · η = Dhr∇R · η = 0.

and the initial conditions at t = 0

S(x, 0) = S0(x) ≥ 0, I(x, 0) = I0(x) ≥ 0, R(x, 0) = R0(x) ≥ 0,

0 ≤ C(x, 0) = C0(x) ≤ 1.

Notations ϕ : IRN → IR, Θ-periodic

ϕ0 = M(ϕ) =
1

|Θ|
∫

Θ
ϕ(y)dy,

δ](p) = m0 + k0p.


