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1 The cat-FPLV homogeneous model
0S/0t — d;AS =
b(S+I+R)—(m+kP)S—0o(S,I,R)— pCS — S,

010t — diAT —
—(a+9)I — (m+kP)I +0(S,I,R)+ pCS,

OR/0t — d,AR = +eal — (m+ kP)R+ 1S,

oC/ot = ¢(1 — C)I —dC.
Initial conditions at t =0 :

S(z,0) = Sp(x) >0, I(x,0) = Iy(z) >0, R(x,0) = Ry(x) > 0,
0 < C(z,0) = Cy(z) < 1.

No flux boundary conditions on 0f) x (0, 4+00) :

dVS -n=dVI-n=dVR-n=0.

Incidence term :

ST . L
——, proportionate mixing;

Opm
o(S,I,R)={ " P

omeS 1, mass action.
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Theorem 1 Assume Sy, Iy and Ry lie in (L*°(Q2))" and 0 <
The SIRC system has a unique, classical, global and component-
wise nonnegative solution with 0 < C(x,t) < 1.

Furthermore, when k > 0 there s a constant M such that

0<S(x,t), I(x,t), Rx,t) <M < 400, =€, t>0,

whereas for k = 0 there is a nondecreasing function M : [0, +oc0) —
0, +00) such that

0<S(x,t), I(x,t), Rz, t) < M(T) < 400, x €, te€|0,T).

Remark For £ =0 and b —m — a > 0 trajectories are unbounded
in L(Q).

Proof
e getting L>°(0,T; L'(9)) estimates for k = 0 or L>(0, oo; L'(2))

estimates for k& > 0;

e given a fix C'with 0 < C(z,t) < 1, deriving a priori L>°((0,7") X
(1) estimates for k = 0 or L>((0, 00) x Q) estimates for k& > 0;
it uses duality arguments: M. Pierre, J.J. Morgan;

e conclusion, using the Leray Schauder fixed point Theorem, or
semi-group theory, or else ...
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2 A spatially heterogeneous domain

Q) in IR?, d > 1, with smooth 0.

population flux

—d(z)VP + Pc(x),

d;(z) forz € Q, () eC),i=1---K,

K __ K
do(il?) forx € 0 — U Q;k, d()() € C(Q - U Qz)
I=1 =1

[

(H1) continuous density P accross 0€)f, i =1--- K
(H2) balanced flux accross 0§27, 1t =1--- K
(d(z)VP(z,t) — P(x,t)c(z)) - 772’(33)]39; = 0.
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3 A heterogeneous S.I.R.C model

Densities S(x,t) > 0, I(x,t) > 0, R(z,t) > 0and 0 < C(z,t) < 1,
with P =S5+ 1+ R.
e natural growth-rate: b(z) — m(x) > rp, > 0;
e density dependent growth-rate
m(x) + k(x)P(x,t), m(z) >0,
logistic effect when : k(z) > ki > 0,
e incidence function : o(x,S,I, R), 2 = Qe U Qppy

Oma(X)ST, opma(z) >0, € Qg
ST

me(az)P, Opm() >0, & € Q.
e p(x) > 0 indirect transmission rate from environment to indi-
viduals,
a(x) > 0 additional death-rate of infective individuals,
¢(x) > 0, indirect transmission rate from individuals to environ-
ment,

d(x) > 0, decontamination rate of environment;
e population fluxes d,(x) > dyim > 0, 2 = s,1, 7,

—ds(x)VS, —di(x)VI, —d.(x)VR;
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Heterogeneous model on ) x (0, +00)

95/0t — div(d,(2)VS) =
b(x)P — (m(x) + k(z)P)S — o(x,S, I, R) — p(z)C'S,

I /0t — div(d;(z)VI) =
—a(x) — (m(z) + k(x)P)I + o(z, 5,1, R) + p(z)CS,

OR/0t — div(d,(z)VR) = +ea(z)] — (m(x) + k(x)P)R,

oC/dt = d(x)(1 — C)I — d(z)C.

Initial conditions at t = 0:
S(x,0) = Sp(x) >0, I(x,0) = Iy(z) >0, R(x,0) = Ry(x) >0,
0 < C(x,0) = Cy(z) < 1.

No flux boundary conditions on 02 x (0, +00) :

ds(x)VS -n=di(x)VI-n=d.(x)VR-n=0.

Incidence term

SI
o(x,S, 1, R) = 0pma(x)STXma(x) + apm(x)PXpm(x).
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Assumptions: bounded coefficients but ¢ € C1(Q)?
logistic effect on mortality: k(z) > ki > 0 on €.

Theorem 2 There exists a unique nonnegative and classical so-
lution (S,I,R,C) on Q x (0,00), with 0 < C(z,t) <1 and

Here Cy(kmin) depends on diin, Tmin and the L*°($2) norm of the
data.

Proof
e getting L>(0, oo; LY(Q)) estimates for ky,;, > 0;

e given a fix C'with 0 < C(x,t) < 1, deriving a priori L*°((0, 00) X
(1) estimates for kp;;, > 0;
it uses ealier work by W.E. Fitzgibbon, M. Langlais and J.J.
Morgan;

e conclusion, using the Leray Schauder fixed point Theorem, or
semi-group theory, or else ...
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4 Spatially ¢ — © periodic S.I.R.C. model

dS/ot — div(d (5)VS):

b(":)P _ (m(i) + k(z)P)S - a("z, S,I,R) — pCS,

oI /ot — div(d, (5)VI)

)+ ( )P)I+a( S[R)+p( )CS,

OR /Ot — div(dr(i)VR) - +eoz(:)] - <m<':) + k(:)P)R,

9C /ot = ¢(‘:)(1 OV - d('z)C.

Initial conditions at t = 0:
S(x,0) = Sp(x) >0, I(x,0) = Iy(x) > 0, R(x,0) = Ry(x) >0,

0<C(z,0)=Cyh(z) <1

No flux boundary conditions on 92 x (0, +00) :

d()VS -0 =d(2)VI-5=d(Z)VR-n=0.

Behavior of (5., I.,R.,C.) as e — 0 ?
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Lemma 1 Asec — 0, (S., L., R.,C.) — (S*, I*, R*, C*) in L*(Q x
(0,T)), where (S%, I*, R*, C*%) is the unique solution of a homoge-
nized model

0S/0t — div(DysVS) = by(S+ 1T+ R) — (mo + koP)S

ST
_ [ M(XmaOma) ST + M(XpmOpm) P] — poC'S,
(9]/8t — le(DhZV]) = —Oé()] — (m() + ]{()P)]
ST
+ [M(Xmaama)Sl - M(Xpmapm)P] + poC'S,

8R/0t — le(DhrVR) = —|—€Oé()] — (mo + ]C()P)R,
OC [0t = ¢o(1 — O)I — dyC.

satisfying the boundary conditions on 0€2 x (0, 4+00) :

D,,VS-n=DyVI-n=D; VR -n=0.
and the initial conditions at ¢ = 0
S(x,0) = Sy(x) >0, I(x,0) = Iy(x) >0, R(x,0) = Ry(x) >0,
0 <C(x,0)=Cy(z) < 1.
Notations ¢ : RY — IR, O-periodic
o0 = Mg) = g1 o el

8 (p) = my + kop.



